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Preface 

The series of elementary algebra exercise books is designed for undergraduate students with any back- 
ground and senior high school students who like challenging problems. This series should be useful for 
non-math college students to prepare for GRE general test - quantitative reasoning and GRE subject 
test - mathematics. All the books in this series are independent and helpful for learning elementary 
algebra knowledge. 

The number of stars represents the difficulty of the problem: the least difficult problem has zero star 
and the most difficult problem has five stars. With this difficulty indicator, each reader can easily pick 
suitable problems according to his/her own level and goal. 
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1 Real numbers 



1.1 Compute — 2_ + 3 + . . . + , 2001 

1 + i (l + i)(l + |) (l + |)(l + |)"-(l + 5ffir) 

Solution: This quantity is equal to 

I! _JL_ ! 

2 | 3 |_ I 2001 I _ 

i + l (i + Da + D '" (i + Da + 1) •••(! + ilk) (i + l)(i + l)---(i + 5si: 

i - 



= 1 "|x|x...x^^ =1 -i001 = l00r- 

1.2 If p, g are prime numbers and satisfy 5p + 3g = 19. Compute the value of 



1 



Solution: The equation 5p + 3q = 19 implies that one of p, Q is even. Since P-, Q are prime numbers 

and the only even prime number is 2, we have two possibilities: if q = 2, then p = 13/5, not a prime 

1 1 

number, so this case is impossible; if p — 2, then 9 = 3, thus = — — — = a/3 + v2 . 

V^-V^ >/3->/2 

1.3 Solve |x| + x + y = 10 and x + \y\ — y — 12 for x, y . 

Solution: It is easy to figure out that x < or y > are impossible. Thus x > and y < which 
lead to x = 32/5,?/ = -14/5. 

1.4 Given a = 1±*£=1, compute the value of (4a 3 - 1004a - 1001) 1001 . 

Solution: a = kb^Mi ^ 2 a - 1 = >/l00T => 4a 2 - 4a - 1000 = => (4a 3 - 1004a - 1001) 1001 = 
[(4a 3 - 4a 2 - 1000a) + (4a 2 - 4a - 1000) - l] 1001 = (0 - - l) 1001 = -1. 

1.5 If a, 6, x are real numbers and (x 3 -\ — a) 2 + \x -\ 61 = 0. Show 6(6 2 — 3) = a . 

x 6 ; x 

Proof: Since a, 6, x are real numbers, the equation implies that x 3 + -\ = a and x + 1 = b • Hence, 

a = rr 3 + 1 = (x + i)(^ 2 - 1 + 1) = (x + -)[(x + -) 2 - 3] = b(b 2 - 3). 

tXj tXj tXj tXj tXj 

1.6 If the real numbers a, 6, c satisfy a = 26 + v^ and + ^c 2 + 1 = 0. Evaluate 6c/a . 

/3 1 

Solution: Substitute a = 26 + ^2 into a6 + ^c 2 + 1 = 0, then 26 2 + \/26 + (— c 2 + -) = 0. 

a/3 1 2 4 

Since 6 is a real number, A b = (V2) 2 - 4 X 2 X (— c 2 + -) = -^\[Z(? > 0, that is c 2 < 0. On 

the other hand, c is a real number, thus c 2 > 0. As a conclusion, c = 0, therefore 6c/a = 0. 

1.7 Compu, ei i i + ^ + 4 + ... + 1 + 1 + 2 + 4 + -. . + 1024. 
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Solution: Since — — = 1 — 7: — 7— « ~ ~ 7> the original sum is equal toi 

1024 2 4 8 1024 & n 2 4 8 

•••-l4 + ^ + i + --- + ^ + 1 + 2 + 4 + --- + 1 ° 24=1 -l^ + ^ 

LetS'=l + 2 + 4+--- + 1024 denoted as (i), then 25 = 2 + 4 + 8H h 2048 denoted as 

1 1023 

(ii). (ii)-(i) => S = 2048 - 1 = 2047. Hence, the original sum is 1 + 2047 = 2047 . 

6 1024 1024 

1.8 If the prime numbers x, y, 2 satisfy xyz = 5(x + y + z) , find the values of x,y,z. 

Solution: xyz = 5(x + y + z) implies that at least one of the three prime numbers is five. Without 
loss of generality, let x = 5, then the equation becomes yz = 5 + y + z, that is, (y — l)(z — 1) = 6 . 
Since 6 = 2x3 = 1x6, there are two possibilities (without considering the order of y and z ): 
(1) y = 3, z = 4; (2) y = 2, z = 7. The case (1) is inappropriate since z = 4 is not a prime number. 
Therefore, the three prime numbers are 2, 5, 7. 

L9 Simpllfy vfwfwT 

Solution: Let \/2 + \/3 = a , and take square to obtain 2 y6 = a 2 — 5 , thus 



1.10 If a > 1, b > and a b + a" 6 = 2\/2, evaluate a b - a~ b . 

Solution: a b + a~ 6 = 2^2 => (a b + a~ 6 ) 2 = 8 => a 2b + a~ 26 = 6. Thus 

(a 6 - a~ b f = a 26 - 2 + a~ 26 = 6 - 2 = 4 =* a b - a~ b = ±2. 

The conditions a > 1, 6 > imply that a b — a~ b > 0. As a conclusion, a b — a~ b = 2. 

1 1 1 r>- J +U • + , r , _ Ilx70+12x69+13x68+---+20x61 v -i nn 

1.11 Find the integer part of A - ii x69+ i2x68+i3x67+...+20x60 x 1UU - 

c 1 . A _ Ilx69+12x68+13x68+---+20x60 v i nn j 11+12+13+-+20 y inn 

^OlUtlOn: A- Hx69+12x68+13x67+---+20x60 A 1UU ^ Ilx69+12x68+13x67+--+20x60_ " LUU 

= 1 nn 4- 11+12+13+-+20 x 1 nn 

iUUT Hx69+12x68+13x67H h20x60 uu * 

c- i 31 11 + 12 + 13 + ... + 20 

Since 1 — = : x 100 

69 (11 + 12 + 13 + -.. + 20) x69 

11 + 12 + 13 + ••• + 20 ,_ 11 + 12 + 13 + ••• + 20 2 

< x 100 < 7 v x 100 = 1- 

11 x 69 + 12 x 68 + 13 x 67 + • • • + 20 x 60 (11 + 12 + 13 + • • • + 20) x 60 3 

Therefore the integer part of A is 100 + 1 = 101. 

a + b 



1.12 If a < b < and a 2 + b 2 = 4a6, evaluate 

a — b 

Solution 1: a 2 + b 2 = 4a6 =^> (a + 6) 2 = 6a6 . Since a<6<0,a + 6 = — \/Qab. Similarly, we can 
obtain a - b = -^2^6 . Hence, ^±1 = ~^^ = ^3. 



a-b -\pM) 
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Solution 2: Let a + b = x , a - b = y, then a = ^, b = ^. Substitute them into a 2 + b 2 = 4a6 

to obtain x 2 = 3y 2 . Since x, y < , then x = V3y , that is a + b = \/3(a — 6) . Thus = v^ • 

a — b 



1.13 Given x = ^^r_ a ^r^ Ii J i , compute the value of ^4 = y x n + nH v^ 

\/a n + n+ vVa n2 - 6 . 



x n2 



Solution: x = (6 n+1 -a^ 1 ) n =^> x™+* = b^ 1 - a n +\ Thus A = yx n + 1 (x n + 1 + a™+ 1 ) + 



n / ^ 2 / w to v , n / to to to / n z n / n^ n / n n n 

ya*+ 1 (a"+ 1 + x^ 1 ) — 6 = v^ n+1 +a n+1 (V^ n+1 + V an+1 ) — o = V^ n+1 + a n+1 (x^ 1 

n n / n n n n n to . 1 n 

+ a^ 1 ) — 6 = V & n+1 — tt^ 1 + a™+! (6^+1 — a^ 1 + a^ 1 ) — 6 = o^ 1 o^ 1 — b = b — b = 0. 



1.14 If x, y are positive integers and satisfy 2 5 X x y = 25xy where 25xy is one number instead of a 
multiplication, find the values of x and y . 



Solution: Since 2 is an even number, 25xy is even, thus y can only be 2, 4, 6, 8. When y = 2, we 
consider two cases: If x < 9, then 2 5 x 2 < 2 5 X 8 2 = 2048 not in the structure of 25xy; If x = 9, 



we have 2 5 X 9 2 = 2592 within the structure of 25xy . Hence, x = 9, y = 2 satisfy all the conditions. 
Similarly we can discuss the cases y = 4,6,8, and we find that no x value satisfies all the conditions. 

1.15 The real numbers a, 6, c satisfy a 2 + b 2 + c 2 = 9, what is the maximum of 
(a-6) 2 + (6-c) 2 + (c-a) 2 ? 

Solution: ( a - bf + (b - cf + (c - a) 2 = 2(a 2 + b 2 + c 2 ) - (2ab + 26c + 2ca) = 3(a 2 + b 2 
+ c 2 ) — (a + 6 + c) 2 - Since a, 6, c are real numbers, (a + b + c) 2 > 0. In addition, a 2 + b 2 + c 2 = 9. 
Thus (a - b) 2 + (b - c) 2 + (c - a) 2 < 3(a 2 + 6 2 + c 2 ) = 3 x 9 = 27. The maximal value is 27. 

1.16 x, y are positive real numbers and = 0, what is the value of ( — 

x y x + y Vx 

11 1 y — x 1 y x 7/ T 

Solution: = => = => = 1 , thus ^ . iE = 

g 1/ x + y xy x + y x y x y 



- ? 



x y) xy vx/ \yj \x yj \x* xy y 



y x 

- + - 
x y 



y x\ 2 _^yx 



75(5-3) = 2^5- 



x y J xy 

1.17 Let x, y, z are distinct real numbers, and x+~ = ?/ + i = z + ^> show x 2 y 2 z 2 = 1. 

Proof: The conditions imply that z y = ^E§, ^^ = |Ef ? x ?/ = fzf . Multiply them together to obtain 
x 2 y 2 z 2 = 1. 

1.18 ^ Given 2x + 6y < 15, x > 0, y > 0, find the maximum value of 4x + 3y . 
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5 1 15 15 5 1 

Solution: 2x + 6y < 15 =^> y < - — -x =^ 4x + 3?/ < 4x + — — x = 3x + — => - — -x > y > 0, 
15 !5 2 3 2 2 2 3 ~* ~ 

thus 4x + 3iy < 3 x 1 = 30- The maximum value is 30. 

y ~ 2 2 

1.19 ^k Given x + y = 8, xy = z 2 + 16, find the value of 3x + 2y + z . 

Solution 1: Let x = 4 + t, y = 4 — £ , substitute into xy = z 2 + 16: 16 — t 2 = z 2 + 16, which leads 

to £ = z = 0, then x = y = 4, thus 3x + 2y + z = 12 + 8 + = 20. 

Solution 2: Treat x, y as two roots of the equation u 2 - 8u + z 2 + 16 = 0. A = 64 - 4z 2 - 64 > 
=> 4z 2 < => z = => u 2 - 8u + 16 = => (u - 4) 2 = => u x = u 2 = 4, i.e. x = y = A. 



1.20 * Given x + y + z = 0, find the value of x (\ + \) + y(± + J) + z(± + ±) . 



Solution:x(i + ^) + y(i + ^ + z(^ + i) = x(^ + ^ + ^-l + y(i + i + ^-l + z(^ + i + i)-l = 

\y ' z' ^^x z / ^x y/ ^x y z' ^^x y z' ^x y z' 

C-+ 1 - + l z )(x + y + z)-3 = 0-3 = -3. 

1.21 For a natural number n , let £ n be the sum of all digits in n , for instance, t 2 oo9 = 2 + + + 9 = 11, 
evaluate t Y + t 2 H h t 2 009- 
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Solution: Let T = h + t 2 H h (2 + + + 8) + (2 + + + 9), and then reverse the order 

of right hand side to obtain T = (2 + + + 9) + (2 + + + 8) + h 2 + 1. Add up these 

two equalities to obtain 2T = [l + (2+0+0+9)] + [2+(2+0+0+8)] + - • -+[(2+0+0+8)+2] + [(2+ 
0+0+9)+l] = 12 x 2009 => T = 12 x 2009/2 = 12054. 

1.22 Let a be a positive integer, b and c are prime numbers, and they satisfy a = be, - + ^ = -, find 
the value of a . 

Solution: — | — = - =^> — = = . Since a = be , we have b — c = 1 , thus c and b are 

a b c a c b be 

two consecutive prime numbers, which has the only choice c = 2, b = 3, thus a = 6. 

1.23 it Let x, y are two natural numbers and they satisfy x > y,x + y = 667. Let p be the least 
common multiple of x and y , let d be the greatest common divisor of x and ?/, and p = 120rf . 
Find the maximum value of x — y . 

Solution: Let x = md, y = nd , then m, n should be coprime since d is the greatest common divisor. 
x > y implies m > n. p = mnd = 120d =^> mn = 120. In addition, (m + n)d = 667 = 23 x 29 
= 1 X 667. Since 23 and 29 are coprime, there are only three possibilities: (1) m + n = 23, rf = 29; 
(2) ra + n = 29,d = 23; (3) m + n = 667, d=l. Together with mn = 120, we have (1) 
m = 15, n = 8; (2) ra = 24, n = 5; (3) no solution. Thus (m - n) max = 24 - 5 = 19 which leads 
to (x - y) max = (24 - 5) x 23 = 437. 

X ~\~ V ~\~ z 

1.24 If x, y, z satisfy 3x + ly + z = 5 (i), 4x + lOy + z = 39 (ii), find the value of — . 

x + 3y 

Solution: (i) x 3 - (ii) x2^x + y + z = -63. (ii) - (i) =► x + Sy = 34. 

Hence, j±l±f = 63 
x + 3y 34 

3 3 1 

1.25 Given a = \/I + ^2 + 1 , find the value of - + -^ + -r . 

a a z a 6 



Solution: (#2-l)a = (^2 - 1)(\/I + ^2 + 1) = 2-l = l^- = v / 2-l, 



f , 3 3 1 

thus — | 1 

CI CI CI 

3a 2 + 3a+l a 3 + 3a 2 + 3a + 1 - a 3 /a+l\ 3 , / l x3 



1= 1 + i _ 1 = 2-1 = 1. 

ay \ a) 

2 



1.26 a t^ is a real number, and — ^ = a , express x 4 \ x 2 \ ^ as a function of a . 

«X/ I iLi | -L 



Solution: — = a => = - => x + - = 1 ^ x 2 + — = ( 1) - 2 



x 2 + x + 1 1 11 9 1 , 1 

9 , , , ^ , = -^ x +- = --l^x 2 + — = (- 

x^ + x + 1 x a x a x^ a 

Hence x 4 -\- x 2 -\- 1 2 1 ^ / 1 , x2 , (1 - a) 2 - a 2 1 - 2a x 2 

nence, = ^2 + +1 = / ] _n2_ 1 _ v 



rj <Aj iL> Lb Lb Lb *\j "~| t/y "| -L 

or 



l-2a * 
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1.27 A nonzero real number a satisfies a 2 = 3a - 1, then find the value of 2a 5a + 2a 8a . 

a 2 + l 



Solution: a 2 = 3a - 1 => a 2 - 3a + 1 = 0, and since „ , „ = 1, we have 2a ~ 5a + 2a ~ 8a ' 
(a 2 -3a + l)(2a 3 + a 2 + 3a)-3a 3a 



a 2 + 1 a2 4 , 



a 2 + 1 a 2 + 1 



-1- 



ni |_ y y I rp rp I /i i 

1.28 if Given — = — = — = m and xyz ^ 0,show m = — v when a + 6 7^ . 

ay + 6z az + 6x ax + 6y 

Proof: r~ = rn ^ y + z = m(ay + 62;) => (1 — am)y = (bm — l)z 

ay + bz 

(i). Similarly we can obtain (1 — am)z = (bm — l)x 
(ii), (1 — am)x = (bm — l)y 

(iii). (i) x (ii) x (iii) => (1 — am) 3 xyz = (bm — l) 3 xyz , which together with xyz 7^ leads to 

(1 — am) 3 = (bm — l) 3 ^> 1 — am = bm — 1 =^> m = when a + b ^ 0. 

v y v y a+6 ^ 

1.29 Given a + 6 = 2, find the value of a 3 + 6ab + 6 3 . 

Solution: a 3 + 6a6 + 6 3 = (a + 6)(a 2 -ab + b 2 ) + 6ab = 2(a 2 -a6 + 6 2 ) + 6ab = 2a 2 + 4a6 + 26 2 = 

2(a + 6) 2 = 2 x 2 2 = 8 

1.30 Given x 2 + xy = 3 (i), xy + y 2 = -2 (ii), find the value of 2x 2 - xy - 3y 2 . 
Solution: (i) x 2 - (ii) x 3 => 2x 2 - xy - 3y 2 = 12. 

a& 1 be 1 ca 1 

1.31 ^ If the real numbers a, 6, c satisfy - = -, - = 7, = -, find the value of 

, a + b 3 b + c 4 c + a 5 

aoc 



a& + 6c + ca 

ab 1 a + b 11 11. 

Solution: = — =>► = 3 =>* — I — = 3 (i). Similarly, we can obtain — H — =4 (ii), 

1 1 a + b 3 a& 1 l a 1 & a&c 1 6 l c 

- + - = 5 (iii). (i)+(ii)+(iii) ^- + - + - = 6^ = 1 1 1 = -. 

ca a 6 c aft + 6c + ca - + ^ + - 6 

a c 

1.32 ilr Given a 4 + b 4 + c 4 + rf 4 = Aabcd , show a = b = c = d . 

Proof: a 4 + b A + c 4 + rf 4 - Aabcd = => (a 4 - 2a 2 6 2 + 6 4 ) + (c 4 - 2c 2 rf 2 + d A ) + (2a 2 6 2 - 
4a6crf + 2c 2 rf 2 ) = =► (a 2 - 6 2 ) 2 + (c 2 - rf 2 ) 2 + 2(a6 - cd) 2 = =► a 2 = 6 2 , c 2 = rf 2 , a& = 

crf^>a = 6 = c = rf. 

1.33 Consider two real numbers x, y, find the minimum value of 5x 2 — 6xy + 2y 2 + 2x — 2y + 3 
and the associated values of x, y . 

Download free eBooks at bookboon.com 
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Solution: 5x 2 - 6xy + 2y 2 + 2x - 2y + 3 = [x - y + l) 2 + (2x - y) 2 + 2. Since [x - y + l) 2 
> 0, [2x — y) 2 > 0, the minimum value of 5x 2 — 6xy + 2y 2 + 2x — 2y + 3 is 2, and the associated 
values of x, y are x = 1, y = 2 (solved from x — y + 1 = 0, 2x — y = 0). 

1.34 * Factoring x 4 + x 3 + x 2 + 2. 

Solution: Let x 4 + x 3 + x 2 + 2 = (x 2 + ax + l)(x 2 + fe + 2) = x 4 + (a + 6)x 3 + (a6+3)x 2 + (2a + 6)x + 2, 
then equaling the corresponding coefficients to obtain a + b = 1, afe + 3 = 1, 2a + 6 = => 
a = -1,6 = 2 => x 4 + x 3 + x 2 + 2 = (x 2 - x + l)(x 2 + 2x + 2) . 

1.35 Let a, 6, c are lengths of three sides of a triangle, and they satisfy a 2 — 16b 2 — c 2 + 6ab + 106c = 0, 
show a + c = 2b . 

Proof: a 2 -166 2 -c 2 + 6a6+106c = a 2 + 6a6 + 96 2 -256 2 + 106c-c 2 = (a + 36) 2 - (56-c) 2 = 
(a + 36-56 + c)(a + 36 + 56-c) = (a - 26 + c)(a + 86 - c) = 0- Since a, 6, c represent 
lengths of three sides of a triangle, a + 86 — c > , thus a — 26 + c = 0^>a + c = 26. 

113 

1.36 ^ x, y are prime numbers, x = yz , — | — = -, find the value of x + 5y + 2z . 

x y 2 
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113 
Solution: — I — = - =^> yz + xz = 3xy . Since x = yz , we have x + xz = 3xy . Since x / 0, we 
x y z 

have 1 + z — 3y .Since y, z are prime numbers, the only possibility is ?/ = 2,z = 5,x = 2x5 = 10. 

Hence, x + 5y + 2z = 10 + 5 x 2 + 2 x 5 = 30. 

a + 6 b + c c + a 

1.37 ^ Given = -rrz r = —, 7 where a, b. c are distinct, show 8a + 96 + 5c = 0. 

a — b 2(6 — c) 3(c — a) 

a + 6 6 + c c + a T . 7/ IX , x . ^ 7/7 x , x 

Proof: Let = — 7 = — 7 = fc , then a + b = fc(a - b) (i), b + c = 2fc(6 - c) (ii), 

a — b 2(6 — c) 3(c — a) 

c + a = 3fc(c - a) (iii). (i) x 6 + (ii) x 3 + (iii) x 2 => 8a + 96 + 5c = 0. 

1.38 ilr The positive integers x, y, z satisfy x + | = 11, y : +f = 14, and x + y ^ z , find a positive 

x -\~ y 
integer for _ if possible. 

z 

x ~\~ v x ~\~ y 
Solution: Since is a positive integer, we can let = k where k is a positive integer, then 

z z 

x + y = k (i). The sum of x+^ = 11 and y : +f = 14 leads to x+y + ^ = 25 (ii). Substitute (i) 
into (ii): fcz+fc = 25 =^> fc = ^-. Therefore, z = 4 or 24. However when z = 24, fc = 1 which 

violates x + y 7^ z . Hence, z = 4 fc = 5, then = 5. 

z 

1.39 ^ If the polynomial 6x 2 — 5xy — Ay 2 — llx + 22y + m can be factored into the product of 
two linear polynomials, find the value of m and factor the polynomial. 

Solution: Let 6x 2 - bxy - Ay 2 - lLr + 22y + m = (2x + y + k)(3x -4y + l) = 6x 2 - 5xy - Ay 2 + 
(3fc + 2l)x + {l- Ak)y + kU then equaling the coefficients: 3k + 21 = -11, 1 - 4k = 22, fc/ = m, 
which result in fc = —5, 1 = 2, m = —10. 

Hence, 6x 2 - 5xy - Ay 2 - \\x + 22y + m = 6x 2 - 5xy - Ay 2 - \\x + 22y - 10 = (2x + y - 5) 
(3x-4y + 2). 

1.40 ^ Given |x + 4| + |3 — x\ = 10 — \y — 2| — |1 + y| , find the maximum and minimum values 
of xy . 

Solution: | x + 4| + |3 _ x | = 10 - \y - 2| - |1 + y\ => |x + 4| + |3 - x\ + \y - 2| + |1 + y\ = 10- 
Since |x + 4| + \3 - x\ > 7 and |y - 2| + |1 + y\ > 3. |z + 4| + |3 - z| + \y - 2| + |1 + y\ = 10 
only if we choose equal sign in both inequalities. 

\x + 4| + |3 - x\ > 7 => -4 < x < 3; 

|y-2| + |l + y| > 3=> -1 <y< 2. 

Hence, xy has the maximum value 6 and the minimum value —8. 
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1.41 ^^ If the real numbers a, 6, c satisfy a + b + c = 0, abc = 1 , show one of a, 6, c should be 
greater than 3/2. 

Proof: Since a, 6, c are real numbers and abc = 1 , we have at least one of a, 6, c is greater than zero. 
Without loss of generality, let c > . 



a 



+ b + c = 0^a + b = -c (i) ; abc = 1 => a& = ± (ii); a&= (^) 2 - (^) 2 (iii). 



cu* ,.w..x . /..^ 1 c 2 fa-b\ 2 fa-b\ 2 c 2 1 c 3 -4 „ 

Substitute (i),(n) into (in): - = =^> = = > 0, which 

c 4 V 2 / V 2 / 4c 4c ~ 



together with c> implies c 3 > 4. Hence, c > ^4 = ^/32/8 > ^/27/8 = 3/2. 

1.42 ^^ Given m + n + p = 30, 3m + n — p = 50, m, n, p are positive, and x = 5m + 4n + 2p , 
find the range of x . 

Solution: (3m + n - p) — (m + n + p) = 50 — 30 =^> m — p= 10 =^> m = 10 + p> 10 since 

p > 0. 

(3m + n-p) + (m + n + p) = 50 + 30=^m+- = 20=^m = 20 <20 since n > 0. 

n+p = 30-m^>10<n+p<20. 

Hence, x = 5m + 4n + 2p = (4m + 2n) + (m + n+p)+n+p = 80 + 30 + n+p = 110 + n+p £ 

(120, 130). 

1.43 ^^ Given a, 6, c are real numbers and satisfy a + b = 4, 2c 2 — ab = ^\pic — 10, find the 
values of a,b,c . 

Solution: 2c 2 - ab = AVSc - 10 => 2c 2 - 4V3c + 10 = a& = ( ^— j - ( ^-— j = 

f ^— J =0^c=V3,a = 6 = 2. 

1.44 ^ x is a real number, find the minimum value of x — \Jx — 1 and its associated x value. 



Solution: Let y = x — y/x — 1 => x-y = y/x — 1 => x 2 -2xy+y 2 = x—1 => x 2 -{2y+l)x+y 2 + l = 
(i). A = (2y + l) 2 - 4(y 2 + l)=4?/-3>0=>?/> 3/4. Substitute the minimum value of y , 
3/4, into (i): x 2 - \x + f| = => ^(16x 2 - 40x + 25) = => (4x - 5) 2 = => x = 5/4. 
Hence, when x = 5/4, x — y/x — 1 has the minimum value 3/4. 

1.45 ^ If a, 6, c are nonzero real numbers, and a + 6 + c = a6c, a 2 = be, show a 2 > 3 . 
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Proof: The conditions a + b + c = abc ) a = be imply that b + c = abc — a = a' 



- ^3 



b + c 
be 



a — a, 
a 2 . 



Hence, we can treat 6, c as two roots of the quadratic equation x 2 — (a 3 — a)x + a 2 = 0. 
Since a,b,c are nonzero real numbers, we have 

A = (a 3 - a) 2 - 4a 2 > => a 2 (a 2 + l)(a 2 - 3) > => a 2 - 3 > => a 2 > 3. 

1.46 ^^ i is a positive integer, show 2 and 3 are not common factors of t 2 — t + 1 and 

t 2 + 1 - 1 . 

Proof: t is a positive integer, thus one of the two consecutive integers t — 1 and £ should be an even 
number, then t 2 — t = t(t — 1) is even, then t 2 — t + 1 is odd. Same logic to get t 2 +t is even, 
t 2 + £ — 1 is odd. Hence, 2 is not a common factor of t 2 — t + 1 and t 2 + t — 1. 

One of the three consecutive integers t — 1, t, £ + 1 should be divisible by 3, thus at least one of 
t 2 — t = t(t — 1) and t 2 + t = t(t + 1) is divisible by 3. Therefore, at least one of t 2 — t + 1 and 
t 2 + £ — 1 is not divisible by 3. 



1.47 * If 3a - b + 2c = 8, a + 46 - c = 2, evaluate 6a + 116 - c . 
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Solution: Let 6a + 116- c = m(3a — 6 + 2c) + n(a + 46- c) = (3ra + n)a + (4n-m)6+ (2m — n)c, 
then equaling the coefficients to obtain 

3m + n = 6 
An — m = 11 
2m — n = —1 

=^m = l,n = 3=^6a+116-c=lx8 + 3x2 = 14. 

Ill 1 

1.48 itif Given — | 1 — = = 1, show x = lory = lorz = l. 

x v z x + y + z 
111 

Proof: - H h - = 1 ^ x?/ + xz + 2/z = xyz (i) ; 

x y z 

-J-^- = l^ X + y + Z =l^ X =l-y- Z ( U ) 

Substitute (ii) into (i): (1 - y - z)y + (1 - y - z)z + yz = (1 - y - z)yz => (z — l)(y + z)(y — 1) = Q 
(iii). (ii) is equivalent to y + z = 1 — x and substitute it into (iii): (z — 1)(1 — x)(y — 1) = 0, 
therefore x = 1 or ^/ = 1 or z = 1. 

1.49 * Show 1 + 2 + 2 2 + • • • + 2 5 ™- 1 is divisible by 31. 

Proof: 1 + 2 + 2 2 + • • • + 2 5 ™ -1 = = 2 5 ™ - 1 = 32™ - 1 = (31 + 1)™ - 1 = 

C7°31" + C^l"" 1 + • • • + CT^l + Q - 1 = 31(Ol n_1 + ^31"" 2 + • • • + Q" x ) which is 
obviously divisible by 31. 

7 & 5 

1.50 it The real numbers a, 6, c satisfy — = - , and x, y are mean values of a, b and 6, c respec- 

b c 

Qj C 

tively Show — | — = 2 . 
x y 

Proof: £ = - ^ -±- = _*-. Since x= ^,y = ^, 

, 6 a c c a + 6 a 6 + c c 2a 2c 26 2c 

we have — I — = — - — \- — —r- = r + "; = -, h -; = 2 . 

x y (o + 6)/2 (6 + c)/2 a + 6 6 + c 6 + c 6 + c 

2012 2012 2012 

1.51 * Given a6c = 1, evaluate + ; ; \- 



1 + a + ab 1 + 6 + be 1 + c + ca ' 



c . f . 2012 2012 2012 
Solution: | | 



1 + a + ab 1 + 6 + 6c 1 + c + ca 

1 1 1 



= 2012 i , . , i + 1,1,1. + 



1 + a + ± 1 + ^ + ^-c 1 + c + ca 

c ac ac ' 

c ac 1 \ 

2012 [ + + = 2012- 

c + ac+1 ac+l + c 1 + c + ca/ 



1.52 * Given x 7 + x 6 + x = -1, evaluate x 2000 + x 2001 + • ■ • + x 2012 . 
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Solution: x 7 + x 6 + x = -1 => x 6 (x + 1) + (x + 1) = => (x + l)(x 6 + 1) = => x = -1 since 
x 6 + 1 > 0. Hence, x 2000 + x 2001 + • • • + x 2012 = 1 + 1 + • • • + 1 + (-1) + (-1) + • • • + (-1) = 1. 

N v ' v v y 

seven Vs six (_ X y s 

1 1 1 

1.53 y*y* Given a < b < c , determine ± sign of + 1 . 

a — b b — c c — a 

Solution: Let a — b = x,b — c = y,c — a = z . Since a < b < c , we have x<0,?/<0,z>0. 

x+y+z=a— b + b — c + c — a = =>* (x + y + z) 2 = => 2(xy + yz + zx) = 
-(x 2 + y 2 + z 2 ) => xy + yz + zx < 0- Therefore 

_^ + ^ + ^ = I + I + I = 2/* + ** + ^ < , that is, JL + JL + JL is negative. 

a — b b — c c — a x y z xyz a — b b — c c — a 

1.54 * Factor (a + b - 2ab)(a - 2 + b) + (1 - ab) 2 . 

Solution: Let a + 6 = x, a& = y , then 

(a + b - 2ab)(a - 2 + 6) + (1 - ab) 2 = (x - 2y)(x - 2) + (1 - y) 2 = x 2 - 2x - 2xy + 
4y + 1 - 2y + y 2 = x 2 - 2x(y + 1) + (y + l) 2 = (x - y - l) 2 = (a + b - ab - l) 2 = 
[(a - 1) - 6(a - l)] 2 = (a - 1) 2 (6 - l) 2 

1.55 ^ The real numbers m, n, p are not all equal, and x = m 2 — np, y = n 2 — pm, z = p 2 — mn . 
Show at least one of x, y, z is positive. 

Proof: 2(x + y + z) = 2(m 2 + n 2 +p 2 — mn — np — pm) = (m — n) 2 + (n — p) 2 + (p — m) 2 > 0. 
In addition, since m, n,p are not all equal, then m — n,n— p,p — m are not all zeros. Thus 
x + y + z > 0, which shows at least one of x, y, z is positive. 

1.56 t!t CL.b.c are nonzero real numbers, and a + b + c = 0, 

1 1 1 

b 2 + c 2 — a 2 c 2 + a 2 — b 2 a 2 + b 2 — c 2 ' 

Solution: a + b + c = ^ b + c = -a ^ (b + c) 2 = a 2 ^ b 2 + c 2 - a 2 = -2bc . Similarly, we 

canobtaina 2 + b 2 — c 2 = —2ab, c 2 + a 2 — b 2 = —2ca. In addition,— 26c, —2ab ) — 2 ca are nonzero. 

1 1 1 1 1 1 _ a + b + c _ 

enCe ' b 2 + c 2 - a 2 + c 2 + a 2 - b 2 + a 2 + b 2 - c 2 ~ 26c 2ca 2a6 " 2a6c ~ * 

1.57 ^ Find the minimum value of the fraction . 

2X 2 + x + 1 

3x 2 + 6x + 5 6x 2 + 12x + 10 6(x 2 + 2x + 2) - 2 n 2 i i i 

Solution: -, — = = = 6 — -7; which has 

\x 2 + x + 1 x 2 + 2x + 2 x 2 + 2x + 2 (x + l) 2 + 1 

the minimum value 4 when x = — 1 . 



Download free eBooks at bookboon.com 

18 



Elementary Algebra Exercise Book I 



Real numbers 



1.58 ^^ For real numbers x, y , define the operator x * y = ax + by + cxy where a, 6, c are 
constants. We know that 1*2 = 3, 2*3 = 4, and there is a nonzero real number d such that 
x * d = x holds for any real number x. Find the value of d. 

Solution: For any real number x , we have x * d = ax + bd + cdx — x , 0*d = M = 0. Since 
d 7^ 0, then 6 = 0, thus 

1*2 = a + 26 + 2c = 3 
2*3 = 2a + 36 + 6c = 4 



a + 2c = 3 
2a + 6c = 4 

which results in a = 5, c = — 1 . In addition, l*d = a + bd + cd= 1, and substitute 
a = 5,6 = 0,c=— 1 into it to obtain d — 4. 



1.59 ^^ Show for any positive integer AT, we can find two positive integers a and b such that 

a 2 -b ' 



A*ca& T,J = 



p#v_C*0.^ -i*\/»*\_ 



/W«*/.«- -\) SGrC-hO 



UJ h 






AAst) 



^?>fHe 









jjVfc -fk. 



The D. E. Shaw group is hiring. 
You can do the math. 

Meet us on-campus this semester. 
Check out for more info. 



41 lew 






DEShaw&Co 
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Proof: N = ^2g±l = -a*+bW-2a+l = -(a^-g+(a-l) 2 ^ (^ + X )( fl 2 _ ft ) = ( fl _ ^2. 

Choose AT + 1 = a - 1, then a 2 - 6 = a - 1 . Thus a = TV + 2, 

6 = a 2 - a + 1 = (N + 2) 2 - (N + 2) + 1 = TV 2 + An + 4 - TV - 2 + 1 = TV 2 + 3N + 3. 

Since N is a positive integer, then a, b are are positive integers as well. 



1.60 ** Given x ^ 0, find the maximum value of V ! + ^ 2 + xA V 1 + £ 4 



x 



Solution: >£±? + ** " ^+^ 



= / : = / = / : = / : =^~ whose maximum 

value is = \/3 - \/2 when x = - > 0. 

\/3 + a/2 

1.61 ** Given -(6 — c) 2 = (a-f))(c-a),a^0, evaluate . 

4 a 

7 /7 \9^7 b + c b + b 

Solution 1: When a = b , we have (6 — c) z = =^> 6 = c , then = — - — = 2. 

a b 

When a ^ b , the given equality becomes 

(6 - c ) 2 = 4(a t6)[c - a) =^ (6 + cf - Aa(b + c) + 4a 2 = => [(b + c) - 2a] 2 = =* 

6 + c = 2a => = 2 . 

a 

Solution 2: When a = 5> it is the same as solution 1. 

When a ^ b , (6 — c) 2 — 4 (a — 6)(c — a) = 0. Treat this as the discriminant of the quadratic equation 
(a — 6)x 2 + {b — c)x + (c — a) =0. Since the sum of all coefficients is 0, then 1 is a root of this 
quadratic equation. Since A = (b — c) 2 — A(a — b)(c — a) = 0, then X\ = x 2 = 1. Vietas formulas 

C — Qj U ~\~ C 

implies that X\X 2 = = 1 =>* b+c = 2a =^> = 2. 

a — b a 

1.62 ^^ Find the minimum positive integer A and the corresponding positive integer B such that 
(1) A is divisible by 200 and its quotient divided by 19 has a remainder of 2, divided by 23 has a 
remainder of 10; (2) B > A , B — A has four digits and is divisible by 3,4,17,25. 



Solution: (1) =^> ,4/200 = 19C7 + 2 = 231^ + 10 where U, V are positive integers, then 

AV + 8 . ., . . + T AV + 8 
is a positive integer. Let 

19 19 



[/ = !/+ 4V ^ 8 . Since U is a positive integer, then — — — is a positive integer. Let — — — = p , then 



3„ 3 



V — 4p — 2 + |p in which -p should be a positive integer. Since 3 and 4 are coprime, then p = An 

(n is a positive integer). To have minimum A, we choose n — l,p = 4, V = 17, then 
A = 200(23 x 17 + 10) = 80200. 
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According to (2) and since 3,4, 17,25 are coprime, then B - A should be 3 x4xl7x25xfc = 5100A; 
(k is a positive integer). In addition, B — A is a four-digit number, thus k = 1. Hence, 
£ = ,4 + 5100 = 85300. 

1.63 itit If the real numbers x, y, z satisfy x + 7/ + z = a,x 2 + ?/ 2 + 2: 2 = a 2 /2 (a > 0), show 
x,y,z are nonnegative and not greater than 2a/3 . 

Proof: x + y + z = a^z = a — (x + y) and substitute it into x 2 + y 2 + z 2 = a 2 / 2 to obtain 
x 2 + y 2 + (x + y) 2 — 2a[x + y) + a 2 = a 2 /2 ^ x 2 + y 2 + xy — ax — ay + a 2 /4: = ^> 
y 2 + (x - a)y + (x - a/2) 2 = 0- Since x, y are real numbers, then A = (x - a) 2 - 4(x - a/2) 2 
> => x(2a -3x)>0^0<x< 2a/3. Similarly, we can show < y < 2a/3, < z < 2a/3 . 
Therefore x,y,z are nonnegative and not greater than 2a/3. 

1.64 ^k^k Two real numbers x, y satisfy x 3 + y 3 = 2. Find the maximum value of x + y . 

Solution: Let x + y = t.x 3 + y 3 = 2 => (x + y)[(x + ?/) 2 - 3x?/] = 2 => t(t 2 - 3xy) = 2 ^ xy = ^. 
Thus we can treat x,y as the two roots of the quadratic equation u 2 — tu + t —^ L = 0, then 

.7-3 _ Q _+3 _l Q ^ 

a: + y is 2. 



.2 4 ^ - 8 . -t d + ■ 



A = r > => >0=>0<t<2=>0<x + v<2. Hence, the maximum value of 

3t ~ 3t ~ ~ u ~ 



x + 4 

1.65 ^ Write — as partial fractions. 

x s + 2x — 3 

Solution: x = 1 is a root of the cubic equation x 3 + 2x — 3 = 0>thus x — 1 is a factor of x 3 + 2x — 3 . 
Use polynomial long division to obtain the other factor x 2 + x + 3 . Let 
^ + 4 _ A , Bx + C _ (A + B)x 2 + (A-B +:C)x + 3A-C Make the coeffici ents 
x 3 + 2x — 3 x — 1 a; 2 + a; + 3 ir 3 + 2x — 3 

equal to obtain 

A + B = 

A-S+C = 1 

3A-C = 4 

^A = l^ = -l,C = -l.Hence, x3 ;^_ 3 = ^ T -^±^. 

1.66 ^^ Show a 3 + |a 2 + \a — 1 is an integer for any positive integer a , and it has a remainder 
of 2 when divided by 3. 

Proofs 3 + la 2 + \a-l = ^+f+- - 1 = <^+WD - 1. For any positive integer a ,^ + il 
is an integer, thus a 3 + 2^ 2 + 2 a— lisan integer. 
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a 3 + fa 2 + \a - 1 = a ( a + 1 f a + 1 ) _ 1 = 2a(2a + i)(2 a+ 2) _ L Qne Qf 2a ,2a + l,2a + 2 is a 

multiple of 3. Since 3 and 8 are coprime, then — i iA 1 is divisible by 3. Hence the original 

expression is a multiple of 3 minus 1, i.e. it has a remainder of 2 when divided by 3. 

1.67 ^^ x ) y ) z are real numbers, 3x, 4y, 5z follow a geometric sequence, and — , — , — follow an 

x y z 
X z 
arithmetic sequence, find the value of 1 . 

z x 

Solution: 



(4y) s 



15xz (i) 



2 1 1 ,.., 

- = - + - ii 



16 



x + z 



(ii) =4> 2/ — ^^, substitute it into (i): 

2xz \ 2 _ (x + z) 2 _ 64 



,r^ 



15 



x ^ z 64 x z 34 
z x lo z x lo. 



1.68 ** Given < a < 1 and [a + ^] + [a + ^] H h [a + §] = 6, evaluate [50a] . Here [*] 

means the integer part of * . 





m 



U6 



m 



It's only an 
opportunity if 
you act on it 




!'l 



IKEA.SE/STUDENT 
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Solution: 0<a+^<a+^<---<a+||<2, thus [a + i] , [a + |>] , • • • , [a + §|] are 
equal to or 1. The condition [a + ^] + [a+^] + --- + [a + |jj] =6 implies that six of 

[a + ^], [<* + ^]> ' • ' , [a + §] are e q ual to 1- Hence > i a + Bol = [ a + ^] = * ' ' = i a + f] = 
and [a + jg] = [a + § ] = • • • = [a + § ] = 1. Then 0<a + f<landl<a+§< 2, which 

lead to 16 < 50a < 17 => [50a] = 16. 

1.69 * Factoring x 3 + y 3 + z 3 - 3xyz . 

Solution: 

x 3 + y 3 + z 3 — 3x^/2: = x 3 + 3x 2 y + 3x?/ 2 + y 3 + z 3 — 3x 2 y — 3xy 2 — 3xyz = (x + 
y) 3 + z 3 — 3xy(x + y + z) = (x + y + z)[(x + y) 2 — [x + y)^ + z 2 ] — 3xy(x + y + z) = 
(x + y + z) (x 2 + y 2 + z 2 — xy — yz — zx) 

1.70 ^^ a, 6, c are prime numbers, c is a one-digit number, and ab + c = 1993, evaluate a + 6 + c . 

Solution: The right hand side of ab + c = 1993 is an odd number, thus one of ab and c is an even 
number. If c is an even prime number which has to be 2, then ab = 1993 — 2 = 1 99 1 = 11 X 181, 
then one of a, b is 11, and the other one is 181. If ab is an even number, let b be the even prime 
number 2, then 2a + c = 1993. Since c is a prime number, then c = 3, 5, or 7, and a = 995, 944, 
or 993, all of which are not prime numbers. Hence a + b + c = 11 + 181 + 2 = 194. 

1.71 ^^ Find the minimum positive fraction such that it is an integer when divided by 54/175 or 
multiplied by 55/36. 

Solution: Let the minimum positive fraction be y/x , where x,y are coprime positive integers, then 

y 54 y 175 y 55 i^r/r^ i rr /o^ ! 11 r 

— i = — x and— x — are both integers. Thus 175/54 and 55/ ob are irreducible fractions, 

x 175 x 54 x 36 

then x is a common divisor of 175 and 55, and y is the smallest common multiple of 54 and 36. To 
minimize y/x , we should maximize x and minimize y , then x should be the largest common divisor 
of 175 = 5 2 X 7 and 55 = 5 X 11, which is 5, and y should be the smallest common multiple of 
54 = 2 X 3 3 and 36 = 2 2 X 3 2 , which is 2 2 X 3 3 = 108. Therefore, the minimum positive fraction 

y/x = 108/5. 

1.72 irir a, 6, c, d are positive integers, and a 5 = 6 4 , c 3 = d 2 , c — a = 11, evaluate d — b . 

Solution: Let a 5 = b 4 = t 20 where t is a positive integer, then a = £ 4 , 6 = t 5 . Let c 3 = d 2 = p 6 where 
p is a positive integer, then c = p 2 ,d = p 3 . In addition, c — a = 11, then 

p 2 - t 4 = 11 ^> (p_ t 2 )(p + t 2 ) => p- t 2 = l,p + t 2 = 11 => p = 6,£ = a/5, 6 = 
(x/5) 5 = 25x/5, d = 6 3 = 216, d - & = 216 - 25x/5 . 

1.73 ** Given X + V ~ Z = X ~ V + Z = V + Z ~ X and xyz ± 0, evaluate (* + *)(» + *X* + *) 



2 y x xyz 
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Solution: Let - — - — - = - — - — - = - — - — - = k, then x + y — z = kz (i), x — y + z = ky (ii), 

z y x 

y + z — x = kx (iii). (i)+(ii)+(iii): x + y + z = k(x + y + z) =>► {k - l)(x + y + z) = 0. There are 

two possibilities k = 1 or x + y + z = 0. When fc = 1, then x + ?/ = 2^,x + ^ = 2?/, y + z = 2x, 
then (x + y)( 1 / + ^)(^ + x) _ 2^2x-2 1/ _ g when x + y + z = ^ then 

x + y = -z,y + z = - a; ,z + a; = -y, then {x ± y){y + z){z ± x) = { ~ z) ' <"*> ' ( ^ } = -1. As a 

X^/2: X?/£ 

conclusion, (x + y)(y + z)(z + x) i s 8 or -1. 

xyz 

1.74 *** Let 



S = \ l-\ 1 h 4/1 H 1 h 4/1 H 1 1 h a/1 H 1 , find the integer 

V l 2 2 2 V 2 2 3 2 V 3 2 4 2 V 2010 2 2011 2 ' b 

part of S . 

Solution: According to the rule in the terms of S, we obtain the general formula 

Un = y 1 + ^2 + ( n +l)2 = Y V 1 + n) _ n + (n+1) 2 = y V~^~) _ 2 ^T^+T + (n+1) 2 = 



v^ 



n+1 3_\2 _ n+1 1_ _ ]i 1 L_ . UlUS 

n n+1^ n n+1 n n+1 



S' = (l + i-|) + (l + |-|) + (l + |-i) + --- + (l + 2^-^o) + (l + ^o-^ T ) = 2010 
(2010, 2011) which implies that S has the integer part 2010. 



2010 



,3 



*"" VJ1VVil 2 ,vvu ' x ^" vv ^5 






Solution: Let y = ^|-^ then xy = l,x — y = 1. 






x 3 + rr + 1 rr 3 + rr + rry rr 2 + 1 + y x 2 + x — y + y 


X + l 


x + xy 


rpO rpO rp^± rp^± 

1+y x 1 V5- 1 


X 3 


x 3 



1.76 ^^^ M is a 2000-digit number and a multiple of 9. Mi is the sum of all digits of M , M 2 is 
the sum of all digits of Mi, and M 3 is the sum of all digits of M 2 . Find the value of M 3 . 

Solution: Obviously Mi, M 2 , M 3 are multiples of 9. Since M has 2000 digits, the sum of all its digits 
Mi < 9 X 2000 = 18000, then M 1 has at most five digits and the first digit is or 1. Thus 
M 2 < 1 + 4x9 = 37, which implies that M 2 has at most two digits and the first digit is less than or 
equal to 3. Thus M 3 <3 + 9 = 12.In addition, M 3 is divisible by 9 and M 3 ^ 0, hence M 3 = 9. 

1 1 2 

1.77 ^^ Let x, y be two distinct positive integers, and — I — = ~> evaluate Jx + y . 

x y 5 
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Solution: Set - 
Then 2x 



1 2a 1 2b L ... . _ . L 

~ = ^7 M' ~ = ^7 h\ w ^ ere a ^ are positive integers and coprime, and let a > b. 

5 ( fl + & ) = 5 + 5 X _. Since x is a positive integer, then - = -, thus 2x = 6 =^> x = 3. On 
a a c a 5 

the other hand, 2y = ^ a + — = 5 + 5 x -• Since y is a positive integer, then — = 5, thus y = 15. 

Therefore, y / x+~y = a/18 = 3 a/2. 

1.78 ** The positive integers a, 6, c satisfy a 2 + 36 2 + 3c 2 + 13 < 2a6 + 46 + 12c, find the 
value of a + b + c. 

Solution: a 2 + 36 2 + 3c 2 + 13 < 2ab + 46 + 12c => a 2 + 36 2 + 3c 2 + 13 - 2a6 - 46 - 12c + 1 < 
1 ^ (a - 6) 2 + 2(6 - l) 2 + 3(c - 2) 2 < 1. (a - 6) 2 > 0, (6 - l) 2 > 0, (c - 2) 2 > 0, and a, 6, c 
are positive integers, thus a = 6=l,c = 2, hence a + 6 + c = 4. 

1.79 ^^^ Find the minimum positive integer n that is a multiple of 75 and has 75 positive integer 
factors (including 1 and itself). 

Solution: n = 75k = 3 X 5 2 k where /c is a positive integer. To minimize n , let n = 2 a • 3^ • 5 7 
(7 > 2,/3 > l),and(a + l)(/5 + 1)(t+ 1) = 75, from which ce + l,/3 + 1,7+ 1 are all odd numbers, 
thus a, /?, 7 are all even numbers. Then 7 = 2, and (a + l)(/3 + 1) = 25 = 5 = 1 X 25. 
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1) If a + 1 = 5, $ + 1 = 5, then a = 4, /3 = 4, thus n = 2 4 • 3 4 • 5 2 . 

2) If a + 1 = 1, /? + 1 = 25, then a = 0, /? = 24, thus n = 2° • 3 24 • 5 2 . 

According to (1)(2), the minimum positive integer n = 2° • 3 24 • 5 2 = 32400. 

1.80 *** Given the sets M = {x, xy, lg(xy)}, TV = {0, |x|, y}, and M = N> evaluate 

(- + J) + (- 2 + ^) + (- 3 + ^) + --- + (- 2001 + ^ol)- 

Solution: M = N implies that one element in M should be 0. The existence of lg(xy) implies that 

xy ^ 0, thus x, y cannot be 0. Hence, lg(xy) = 0^>xy = l^>y=— . 

x 

Thus M = {x, 1, 0}, N = {0, |x|, ^} . According to M = N again, we have either 

1 
1 = - 

x 



or 



1 

x = — 

X 

1 = Ixl 



However, x = 1 violates the uniqueness of every element in a set. Hence, x — — 1 , y = — 1. Then 
x + + ^2fc+r = — 2 (fc = 0, 1, 2, • • • ); x + ^2k — 2 {k = 1, 2, • • • ). In the original summation, 
the number of 2/c + 1 terms is one more than the number of 2k terms, therefore 



(^) + (* 2 + ^) + (* 3 + ^) + --- + (* 2001 + ^) = 

1.81 ^^ Find the integer part of the number (y7 + y5) 6 



Solution: Let V7 + \/5 = x, \/7 — a/5 = y , then 

x + y = 2^7, xy = 2 => x 2 + y 2 = (x + yf - 2xy = {2\Flf - 2 x 2 = 24 ^. 
x 6 + y 6 = (x 2 ) 3 + (y 2 ) 3 = (x 2 + y 2 )(x 4 - x 2 y 2 + y 4 ) = (x 2 + y 2 )[(x 2 + y 2 ) 2 - 3x 2 y 2 ] = 
24[24 2 - 3 x 4] = 24 x 564 = 13536 

Hence, (y/7 + \/5) 6 + (\/7 - V5) 6 = 13536. Since < y/7 - Vh < 1, 
then 13535 < (\/7 + v^) 6 < 13536, which implies that the integer part of (y/7 + Vbf is 13535. 

1.82 -k^k The real numbers x, y satisfy 4x 2 — 5xy + 4y 2 = 5, let S = x 2 + y 2 , evaluate 
11 



9 • 9 



mm ^max 
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Solution 1: Let x = a + b,y = a — b and substitute into 4a; 2 — hxy + Ay 2 = 5: 

5 — 3a 2 
4(o + bf - 5(a + b)(a-b)+ 4(o - bf = 5 =► 3a 2 + 136 2 = 5 =► 6 2 = > ^ 

5 - 3a 2 > =► < a 2 < - .Therefore 5= (a + 6) 2 + (a - 6) 2 = 2a 2 + 2b 2 = 2a 2 +'±^ = f§a 2 + ±§. 
When a = 0, £„>;„ = §• When a 2 = |, Smax = y. Hence, - — + - — = — + — = -• 

Solution 2: Obviously S = x 2 + y 2 > (since x, y cannot be both zero due to Ax 2 — 5xy + Ay 2 = 5). 
Let x = y/S cos 9,y = \^S sin , and substitute into 4x 2 — 5xy + 4y 2 = 5: 

45 cos 2 6 - 55 cos sin + 45 sin 2 = 5 => 45 - - sin 2(9 = 5 => sin 20 = 8 ~ 10 - Since 



sin 201 < 1, then 



85-10 



85-10 10 „ 10 

< 1 =^ -1 < -— < 1 => — < 5 < — 

- 55 - 13 - - 3 



55 

1.83 ^^^ For a positive integer n , find the integer part of (vr? + 2n + n) 2 . 
Solution: For a positive integer n , we have 



n 2 < n 2 + 2n < n 2 + 2n + 1 = (n + l) 2 => n < Vn 2 + 2n < n + 1 =^> < 
\Jn 2 + 2n — n < 1. Let x = (V?? 2 + 2n + n) 2 ,y = (V?? 2 + 2n — n) 2 , then 
x + y = (\/n 2 + 2n + n) 2 + (Vn 2 + 2n - n) 2 = 4n 2 + An . Since < y/ri 2 + 2n - n < 1 , 
then < (\/n 2 + 2n - n) 2 < 1, then 

(V^ 2 + 2n + n) 2 = 4n 2 + An - (\/n 2 + 2n - n) 2 € (4n 2 + 4n - 1, 4n 2 + 4n) , thus the integer 
part of (V^ 2 + 2n + n) 2 is 4n 2 + An — 1. 

1.84 ^^^ The positive real numbers p, g satisfy p 2 + q 2 = 7pq and make the polynomial 
xy + px + qy + 1 of x, y be factored into a product of two first-order polynomials, find the values 
of p, q . 

Solution: p > 0, g > 0, p 2 + q 2 = 7pg =^> p 2 + 2pg + g 2 = 9pq => p + q = 3-^pg . Since the 
polynomial xy + px + qy + 1 can be factored into a product of two first-order polynomials, we have 
xy + px + qy + 1 = (ax + b)(cy + d) = acxy + arfx + 6q/ + 6d . Make the corresponding 
coefficients equal: ac = 1, fed = 1, ad = p, 6c = g, thus Ptf 

= a6cd = l,p + g = 3^pg = 3 => p = ^fi, q = ^ or = ^, g = ^. 

1.85 itit The positive integers a, 6, c satisfy a 2 + b 2 + c 2 + 3 < ab + 36 + 2c , find the values of 
a, 6, c . 

Solution: a, 6, c are positive integers, thus a 2 + 6 2 + c 2 + 3 and a6 + 36 + 2c are both integers, 

then a 2 + ft 2 + c 2 + 3 < ab + 36 + 2c => a 2 + 6 2 + c 2 + 4 < a& + 36 + 2c => a 2 - a& + ^ + 
^-36 + 3 + c 2 -2c+l <0^(a-|) 2 + |(6-2) 2 + (c-l) 2 < ^ a- | = 0, 6- 2 =0, 
c- 1 = 0^a = 1,6 = 2,c= 1. 
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1.86 *** The positive integers m,n satisfy (11111 + m)(lllll - n) = 123456789, show 
m — n is a multiple of 4. 

Proof: Since 123456789 is an odd number, then 11111 + m and 11111 — n are odd numbers, then 
m, n are both even numbers. 

(lllll + ra)(lllll-n) = 123456789^ 11111 x 11111 - llllln + lllllra-ran = 
123456789 <& lllll(ra - n) = mn + 2468. Since mn is a multiple of 4 and 2468 = 4 x 617 
is also a multiple of 4, then 11111 (m — n) is a multiple of 4. In addition, since 11111 and 4 are 
coprime, then m — n is a multiple of 4. 



1.87 ^k^k^k The nonzero real numbers 

xyz(a + b)(b + c)(c + a) 

abc(x + y)(y + z)(z + x) 

x y z xyz 

Solution: Let — = t = _ = t 

a b c 



a, 6, c, x, y, z satisfy - = - = -, evaluate 

a 6 c 



^ , and 



x + y y + z 



z -\- X 



a + b 
Hence, 



b + c c + a 



t 



abc 

(x + y)(y + z)(z + x) 
(a + b)(b + c)(c + a) 



(a + b)(b + c)(c + a) _ 
(x + y)(y + z)(z + x) ^ 
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xyz(a + b)(b + c)(c + a) 3 1 
abc{x + y)(y + z) (z + x) t 3 

1.88 *** Given 2007x 2 = 2009?/ 2 = 2011z 2 , x > 0, j/ > 0,z > 0, and - + - + - = 1, show 

x y z 

V2007x + 2009?/ + 201 lz = v / 2007 + v / 2009 + v / 20ll 

Proof: Let 2007x 2 = 2009?/ 2 = 201 lz 2 = k (k > 0), then 

2007x = fc/x, 2009?/ = fc/y, 201 lz = fc/z. Since 1 + 1 + 1 = 1, then 

x y z 

^2007x + 2009?/ + 2011z = y/k/x + k/y + k/z = \Jk{\jx + 1/y + T/z) = Vk. 

On the other hand, 

2007 = /c/x 2 , 2009 = k/y 2 , 2011 = k/z 2 => v / 2007 + v / 2009 + v / 20ll = \fk/x + 

\fkfy + Vk/z = \fk • Hence the aimed equality holds. 

1.89 itit If x, y, z are nonzero real numbers, and x + y + z = xyz, x 2 = yz, show x 2 > 3. 

Proof: x + y + z = xyz <^> y + z = xyz — x = x 3 — x since yz = x 2 . Then we can treat y , z as 
two roots of the quadratic equation u 2 — (x 3 — x)u + x 2 = 0. Since x, y, z are real numbers, then 

A = (x 3 - x) 2 - 4x 2 > => x 6 - 2x 4 - 3x 2 > => x 2 (x 4 - 2x 2 - 3) > => 
x 2( x 2 + 1 ^ x 2 _ 3) > 0. Since x ^ 0, then x 2 > 0, x 2 + 1 > 0, thus x 2 - 3 > 3, i.e. x 2 > 3. 

1.90 itit Given a, 6, c are nonzero real numbers, and a 2 + b 2 + c 2 = 1, 

a (J + c) + 6 (c + a) + C (a + i) + 3 = ' find a11 P OSsible valueS Of a + 6 + C. 

Solution: 

< + ^) + ^ + i) + ^ + i) + 3 = 0^^ + ^ + ^f + 3 = 0^(a + 6+c) 

(aft + 6c + ca) = =^> a + b + c = or ab + 6c + ca = . For the case a6 + be + ca = , since 
a 2 + b 2 + c 2 = (a + b + c) 2 - 2(ab + bc + ca) = 1, then (a + 6 + c) 2 = l^a + 6 + c=±l. 
Hence, a + b + c can be -1, 0, or 1. 

1.91 it it If the sum of two consecutive natural numbers n and n + 1 is the square of another natu- 
ral number m , show n is divisible by 4. 

Proof: n + n + 1 = m 2 , i.e. m 2 = 2n + 1 . 2n + 1 is an odd number, then m 2 is also an odd 
number, then m has to be odd. Let m = 2k + 1 (k is a nonnegative integer). 
n = m 2 -1 = i m ~ K m + J — 2/c(/c + 1). Since k(k + 1) is obviously an even number, then 
n = 2k(k + 1) is divisible by 4. 

1.92 it it If x 3 — 2x 2 + ax — 6 and x 3 + 5x 2 + bx + 8 have a second order common factor, deter- 
mine the values of a, b . 
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Solution: Let 

x 3 — 2x 2 + ax — 6 = (x 2 + px + q) (x + c) = x 3 + (c + p)x 2 + (qp + q)x + eg 
x 3 + 5x 2 + 6x + 8 = (x 2 + px + q)(x + d) = x 3 + (d + p)x 2 + (dp + g)x + dq 

Make the corresponding coefficients equal to have 

p + c = —2,cp + q = a,cq = —6, d + p = 5,dp + q = 6,dq = 8. From these six algebraic 

equations, we obtain a = — 1,6 = 6, c= —3, d = 4,p=l,g = 2. 

1.93 ^^^ In the Cartesian plane XOY , all coordinates of the points A(xi, y\) and £>(x2, 2/2) are 
one-digit positive integers. The angle between OA and the positive part of x axis is greater than 
45°, and the angle between OB and the positive part of x axis is less than 45°. Denote 
B' = (x 2 , 0), A f = (0, 2/1) . The area of AOB'B is 33.5 larger than the area of AOA'A . Find the 
four-digit number XiX^y^Ui where Xi, X2, 2/2, 2/i are the four digits. 

Solution: S AOB , B = Saoa'A + 33.5 =^> 5X22/2 = §#i2/i + 33.5 =^> x 2 ?/2 = ^i2/i + 67. Since 
^i2/i > 0, then x 2 2/2 > 67. In addition, x 2 ,2/2 are one-digit positive integers, then x 2 2/2 = 72 or 
81. ZBOB f < 45°, then the point B is below the diagonal line y = x, then x 2 > 2/2, thus 
%2l/2 7^ 81, then X22/2 = 72, which implies X2 = 9, 2/2 = 8. Hence, X12/1 = 5. Since 
ZAOB f > 45°, then the point A is above the diagonal line y = x , then Xi < 2/i- Since Xi, 2/1 are 
one-digit positive integers, then X\ — 1, 2/1 = 5. Therefore the four-digit number X1X22/22/1 — 1985. 

1.94 ^^ Given a positive integer n > 30 and 2002n is divisible by 4n — 1, find the value of n. 

Solution: Let 2002n = fc, then fc = 500 + 2( ^ Q) . Since 4n - 1 is an odd number, then 2(n + 250) 

1 11 1 I , n + 250 / x i a 4n + 1000 1001 

is divisible by 4n — l.Let — — = p (p is a positive integer), then Ap = = 1 -\ , 

An — I ° An — 1 An — 1 

thus 1001 is divisible by 4n — 1. Since n > 30 and 1001 = 7x11x13, then we should have 
An — 1 = 143, which implies n = 36, p = 2. 

1.95 ^^ How many integers satisfying the inequality |x — 2000 1 + |x| < 9999? 

Solution:Ifx > 2000, then the inequality becomes (x - 2000) + x < 9999 <& 2000 < x < 5999.5. 
There are 4000 integers satisfying the inequality. If < x < 2000, then the inequality becomes 
(2000 - x) + x < 9999 <^> 2000 < 9999 that is always true, then there are 2000 integers satisfying 
the inequality. If x < 0, then the inequality becomes 

(2000 - x) + (-x) < 9999 O -3999.5 < x < 0. There are additionally 3999 integers satisfying 
the inequality. Hence, totally there are 4000 + 2000 + 3999 = 9999 integers satisfying the inequality. 
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1.96 ititit The real numbers x,y,z satisfy x + y + z = 3 (i), x 2 + y 2 + z 2 = 29 (ii), 

x 3 + y 3 + z 3 = 45 (iii). Evaluate xyz and x 4 + y 4 + z 4 . 

Solution: (i) 2 -(ii): xy + yz + zx = — 10. Since 

x 3 + y 3 + z 3 — 3xyz = x 3 + 3x 2 y + 3xy 2 + y 3 + z 3 — 3x 2 y — 3xy 2 — 3xyz = (x + 
y) 3 + z 3 — 3xy(x + y + z) = (x + y + z)[(x + y) 2 — (x + y)z + z 2 ] — 3xy(x + y + z) = 

(x + y + z)(x 2 + y 2 + z 2 - xy - yz - zx) , then 45 - 3xyz = 3(29 + 10) => xyz = -24. 

Since {xy + yz + zx) 2 = 100 =^> x 2 y 2 + y 2 z 2 + z 2 x 2 + 2xyz(x + y + z) = 100, then 

x 2 y 2 + y 2 z 2 + z 2 x 2 = 100 - 2 • (-24) • 3 = 244. 

Hence, x 4 + y 4 + z 4 = (x 2 + y 2 + z 2 ) 2 - 2(x 2 y 2 + yV + z 2 x 2 ) = 29 2 - 2 x 244 = 353. 



1.97 * Let S= 1 + ^ + ^ + • • • + 205^, find [S]. 



Solution:K5=l + l + i + ... + ^ 



<i + ^ + ' 



+ ••• + 



1x2 2x3 2008 x 2009 

1 + 1 _ 1 +l_ 1 + +J l - = 2- J_ = 1 2008- Hence, [fi] = l. 

2 2 3 2008 2009 2009 2009 




Collaborating, Inspiring. Leading. 

M< msanlo has always embraced Innovation and always focused on helping la make a better 

wui'id.. Yuti can sua il in uur gTuUn J breaking p'udtlirEs and in uui' dynamic cruvn'uiimvnt '-v lit t'e 

your ski lie and your career can grow and develop. We know rhnt every day f new ideas can come 

from anyone, atiywhene. Al Mun&iinto, you'll be respected, you'll contribute to (he boElum line 

.mil you'll h ftp Im-inns Ifi-d tin- world. 

Start right now: www.monsanto.com/studeiits 



MONSANTO 



1 



Download free eBooks at bookboon.com 



31 




Elementary Algebra Exercise Book I Real numbers 



1.98 *** Let S= 1 + ^ + ^ + • • • + ^§=5. find [S] . 

Solution: Let A: be a positive integer, we have , = < — = < —= , <=> 

Vk^l + Vk 2\[k Vk + Vk^l 

Vk + 1 -Vk< — -= <y/k- y/k-1. Thus we have \/2 - 1 < — - < 1, V3 - V2 < 
2\[k 2^/1 

-4= < \/2 - 1, • • • , V994010 - V994009 < , 1 < a/994009 - V994008. Add 

2v^ 2V994009 

them up to get V994010 -1<-(1 + — + — + •••+ ) < V994009 - - => 

2 V v/2 \/3 V994009 2 

997 - 1< -S < 997 - i =► 1992 < 2V994010 - 2 < 5 < 1993 => [5*1 = 1992. 
2 2 L J 



1.99 "A"^"^ Given x, y, z, a, b, c are distinct rewal numbers, and 

1 

a 
1 

6' 

1 



x + a 


+ 


y + a 


+ 


z + a 


1 


+ 


1 


+ 


1 


x + b 


y + 6 


z + b 


1 


+ 


1 


+ 


1 



1 1 1 

Evaluate — hrH — . 
a b c 



x + c y + c z + c c 



Solution: The three equalities imply that we can treat a, 6, c as three distinct roots of the equation 

1 1 = -, which is equivalent to 2£ 3 + (x + y + z)t 2 - xyz = 0. Vietas 

x + t y + t z + t t ill j, . j, . 

1 , t . _ ^ , 1 1 1 ab + bc + ca 

formulas lead to ab + be + ca = , thus - + - + - = = . 

a b c abc 

1.100 j{j{j{ If m is a natural number, S m represents the sum of all digits of m , and the largest com- 
mon divisor of S m and S m +i is a prime greater than 2, find the minimum value of m . 

Solution: (S m , S m +i) > 2 ^> S m+ i — S m ^ 1. Assume m has 9 s as the last n digits (n > 0), then 
SWi = £ m — 9n + 1 . Let (*5 m , £ m+ i) = d , then d = (S m , 9n — 1) , rf|9n — 1 , thus n^0,l 
(since ci > 2 ). If n = 2 , then rf| 17, d = 17, 5 m has the minimum value 34 (since S m > 18 ) and m 
has the minimum value 8899. If n = 3, then rf|26, ci = 13, S m has the minimum value 39 (since 
S m >27) and m has the minimum value 48999. If n > 4, then m > 9999 when rf exists. Hence, 
m has the minimum value 8899. 

1.101 *** Given ax + by = 7, ax 2 + fa/ 2 = 49, ax 3 + fa/ 3 = 133, ax 4 + fa/ 4 = 406, evaluate 
2002(x + y) + 2002x7/ + ^__ . 



Download free eBooks at bookboon.com 

32 



Elementary Algebra Exercise Book I Real numbers 

Solution: (ax + by)(x + y) = ax 2 + axy + bxy + by 2 = (ax 2 + by 2 ) + (a + 6)x?/, 
(ax 2 + by 2 )(x + y) — ax 3 + ax 2 y + 6x?/ 2 + by 3 = (ax 3 + by 3 ) + (ax + by)xy , 
(ax 3 + by 3 )(x + y) — ax 4 + ax 3 ?/ + to/ 3 + fo/ 4 = (ax 4 + 6?/ 4 ) + (ax 2 + by 2 )xy . 
Substitute ax + 6?/ = 7, ax 2 + fo/ 2 = 49, ax 3 + by 3 = 133, ax 4 + by 4 = 406 into the above 

equalities to obtain , , , 

7(x + y) = 49 + (a + 6)xy (i) 

49(x + i/) = 133 + 7x?/ (ii) 
133(x + y) = 406 + 49x7/ (iii) 

(ii) x 7- (iii) ^ x + y = 2.5. 

(ii) x 19 - (iii) x 7 => xy = -1.5. 

Substitute x + y = 2.5, xy = -1.5 into (i): a + 6 = 21. 

Therefore, 2002(x + y) + 2002X?/ + ^— = 2002 x 2.5 + 2002 x (-1.5) + — = 2003- 

1.102 itifit If , q, -^— , -^— are integers, and p > 1, g > 1 , find the value of p + q . 

Solution 1: If p = a , then = = 2 . Since p > 1 is an integer, then 2^i = 2 — - is 

q p V q p 

not an integer, a contradiction to the given problem. Hence, p j^ q . Without loss of generality, Let 

p > q and let q ~ = m (m is a positive integer). Since rap = 2g — l<2p— 1< 2p,thenra = 1, 

P 
then p = 2q — 1, then = = 4 . Additionally since P ~ is also a positive integer 

q q q q 

and q > 1, then g = 3, then p = 2g — 1 = 5, thus p + q = 8. 

2v — 1 2g — 1 
Solution 2: Starting from p > q, let — = m (i), = n (ii). ra, n are both positive integers 

q P np + 1 

and ra > n. (ii) is equivalent to q = ^^—, substitute it into (i): 2p — 1 = ra — - — , thus 

Zj 

(4 — mn)p = ra + 2 , thus 4 — ran is a positive integer, i.e. ran = 1 or ran = 2 or ran = 3 . Recall 
that ra > n, then we only have two possibilities ra = 2,n=l or ra = 3,n=l. When 
ra = 2, n = 1 , (i) (ii) lead to p = 2, q = 3/2 ( g is not an integer). When ra = 3, n = 1 , (i)(ii) lead 
to p = 5, q = 3, hence p + g = 8. 

1.103 itititit lithe real numbers a, 6, c, rf are all distinct, and a + 1 = 6+^ = c+^ = rf+^ = x 
find the value of x . 

Solution: a + \ = b+\ = c+\ = d+\ = x^ a + \ = x (i), b + \ = x (ii), c + ^ = x (iii), 
rf+- = x (iv). (i) implies b~ ^z^, substitute it into (ii): c = x 2^ a ^_ 1 , substitute it into (iii): 
+ - = x y that is, dx 3 — (ad + l)x 2 — (2d — a)x + ad + 1 = (v). 



x — a 



x 2 — ax — 1 d 
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(iv) implies ad + 1 = ax , substitute it into (v): 

dx 3 — ax 3 — 2dx + ax + ax = =^> (d — a)x 3 — (d — a)2x = =^> (d — a) (x 3 — 2x) = 0. Since 

d — a j^ 0, then x 3 — 2x = 0. If x = 0, then c = x 2^^_ 1 => a = c , a contradiction. Hence, 



x 



2 = => x 2 



x 



±V2. 



1.104 ^^^ Consider a group of natural numbers a\ ) a 2 , • • • , a n , in which there are .fQ numbers 

equal to z (i = 1, 2, • • • , m ). Let S = ai + a 2 + \- a n , Sj = Ki + K 2 + \- Kj 

( 1 < j < m). Show S\ + £2 + • • • + S m = (m + l)S m — S . 

Proof: s = a 1 + a 2 + --- + a n = K 1 -l + K 2 -2 + --- + K n -m = (K 1 + K2 + --- + K m ) +• 

(#2 + K 3 + • • • + K m ) + • • • + K m = S m + (S m - Si) + • • • + (S m - S^) + S m -S m = 
(m+l)S m -(Si + S 2 + .-. + S m ) 
Hence, Si + S 2 -\ h5 m = (m + l)S m - S. 

1.105 k'k'k' There are ten distinct rational numbers, and the sum of any nine of them is an irreduc- 
ible proper fraction whose denominator is 22, find the sum of these ten rational numbers. 
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Solution: Let these ten distinct rational numbers be a\ < a 2 < • • • < aiO. We have 

m 
[CLi + a 2 + h CL10) — a k — — 9 where k = 1, 2, • • • , 10. m is an odd number and 

l<m<21,m^ll. Additionally because a\, a 2 , • • • , aio are all distinct, then 

in , N , , 1 + 3 + 5 + 7 + 9 + 13 + 15 + 17+19 + 21 
10(ai+a 2 H hai )-(ai+a 2 H haio) = ™ • 

Hence, ai + a 2 + • • • + aio = 5/9. 



1.106 itit Given a + b + c = a&c 7^ 0, evaluate 

(l-6 2 )(l-c 2 ) (l-a 2 )(l-c 2 ) (l-a 2 )(l-6 2 ) 



+ 2 i + 



6c ac a6 

Solution: a+b + c = abc ^ ^ ab = s±kt£ =► *±* - ab - 1 . 

Similarly, = bc — l, — - — = ac — 1 • We have 

a 6 



l-6 2 )(l-c 2 ) , (l-a 2 )(l-c 2 ) (l-a 2 )(l-6 2 ) _ 1 - b 2 - c 2 + b 2 c 2 1 - a 2 - c 2 + a 2 c 2 



6c ac a6 be ac 

1 — a 2 — b 2 + a 2 6 2 ,1 1 1 N 6 + c a + c a + 6 7 7 a + 6 + c 

.^ = (— -\ \-—r) \-ab + ac + bc = 

ab be ac ab a b c abc 

(bc—1) — {ac — 1) — (ab — 1) -\- ab -\- ac -\- be = 1 — be -\- 1 — ac -\- 1 — ab -\- 1 -\- ab -\- ac -\- be = 4 

1.107^^^ Let a, 6, c bedistinctpositiveintegers,showatleastoneofa 3 6 — ab 3 , b 3 c — be 3 , c 3 a — ca 3 
is divisible by 10. 

Proof: Because a 3 b - ab 3 = ab(a 2 - 6 2 ), b 3 c - be 3 = bc(b 2 - c 2 ), c 3 a - ca 3 = ca(c? - a 2 ) , then 
if a, 6, c has at least one even number or they are all odd numbers, a 3 b — ab 3 , b 3 c — be 3 , c 3 a — ca 3 
are divisible by 2. 

If one of a, b,c is a multiple of 5, then the conclusion is proven. 

If a, b, c are not divisible by 5, then the last digits of a 2 ,b 2 , c 2 can only be 1,4,6,9. Thus the last digits 
of a 2 — b 2 ,b 2 — c 2 ,c 2 — a 2 should have or ±5, that is, at least one of a 2 — b 2 ,b 2 — c 2 ,c 2 — a 2 is 
divisible by 5. Since 2 and 5 are coprime, thus at least one of a 3 b — ab 3 = ab(a 2 — b 2 ), 
b 3 c - be 3 = bc(b 2 - c 2 ), c 3 a - ca 3 = ca(c 2 - a 2 ) is divisible by 10. 

1.108 ^^^ Let a, b, c are positive integers and follow a geometric sequence, and b — a is a perfect 
square, log 6 a + log 6 b + log 6 c = 6, find the value of a + b + c . 

Solution: log 6 a + log 6 b + log 6 c = 6 ^> log 6 abc = 6 ^> abc = 6 6 . In addition, b 2 = ac , then 
b = 6 2 = 36, ac = 36 2 . In order to make 36 — a a perfect square, a can only be 11,27,32,35, and a 
is a divisor of 36 2 , thus a = 27, then c = 48. Therefore, a + b + c = 27 + 36 + 48 = 111. 
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1.109 ^k^k^k The real numbers a,b,c,d satisfy a + b = c + rf, a 3 + b 3 = c 3 + d 3 , show 

a 2011 + 6 2011 = c 2011 + rf 2(m 

Proof: Ifa + 6 = c + d = 0, then the conclusion is obviously true. 

If a + b = c + d^ 0,then 

a 3 + 6 3 = c 3 + d 3 => (a + 6)(a 2 - a6 + 6 2 ) = (c + d)(c 2 -cd + d 2 ) => a 2 -ab + b 2 = 
c 2 - cd + d 2 => (a + b) 2 - 3ab = (c + d) 2 - 3cd ^ ab = cd ^ (a + b) 2 - 4ab = 

(c + df - 4cd => (a-b) 2 = (c - d) 2 => a-b = ±(c - d). Hence, 

a — 6 = c — d (i) 

a + b = c + d (ii) 
or 

a — b = d — c (iii) 

a + b = c + d (iv) 
(i)+(ii): a = c; (i)-(ii): b = d . 

(iii)+(iv): a = d ; (iii)-(iv): b = c. 

For either case, we have a 2011 + 6 2011 = c 2011 + d 2011 . 

1.110 *** The real numbers a, 6, c, d satisfy a + 6 + c + d = 0, show 

a 3 + b 3 + c 3 + d 3 = 3(a6c + 6cd + cda + da&) . 

Proof: 

a + b + c+d = =>► a + 6 = -(c+d) => = (a + 6) 3 + (c+d) 3 = a 3 + b 3 + 3a 2 b + 3ab 2 + 
c 3 + d 3 + 3c 2 d + 3cd 2 => a 3 + 6 3 + c 3 + d 3 = -3(a 2 6 + a6 2 + c 2 d + cd 2 ) => a 3 + b 3 + c 3 + d 3 - 
3(abc+bcd+cda + dab) = — 3(a 2 6+a6 2 + c 2 d+cd 2 ) — 3(abc+bcd+cda + dab) = — 3(a 2 6+ 
ab 2 +c 2 d+cd 2 +abc+bcd+cda+dab) = — 3[(a 2 6+a6 2 +a6c+aM) + (acd+6cd+c 2 (i+C(i 2 )] = 
-3[a6(a + 6 + c + d) + cd(a + 6 + c + d)] = => a 3 + b 3 + c 3 + d 3 = 3(abc + bcd + cda + dab) . 

1.111 k'k'k' Consider a 2n X 2n square grid chessboard, each grid can only have one piece, and 
there are 3n grids having pieces, show we can always find n rows and n columns such that these 3n 
pieces are within these n rows or these n columns. 
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Proof: Denote the number of pieces in each row or column as pi, P2, • • • ? PmPn+i, ' ' ' •> P2n with the 
order pi > p 2 > • • • > p n > Pn+i > ' * ' > P2n • The given condition implies that 

Pi + P2 H 1- Pn + Pn+i H h p 2 n = 3n (i). If p r + p 2 H h Pn < 2n - 1 (ii), then at 

least one of pi , p 2 , • • • , p n is not greater than 1. (i)-(ii): p n +i + * ' * + P2n > ^ + 1 > then at least one 
of p n +i , • • • , P2n is greater than 1, a contradiction. Hence, we have pi + P2 + • • • + p n > 2n . Hence, 
we choose not less than 2n pieces from the n rows and then choose the remaining pieces from the n 
columns to include all 3n pieces. 

1.112 ^^^^ Find a positive number such that its fractional part, its integer part, and itself are geo- 
metric. 

Solution: Denote the number as x > 0, its integer part [x] , and its fractional part x — [x]. 

The given condition implies that x(x — [x]) = [x] 2 =>* x 2 — [x]x — [x] 2 = 0, 

where [x] > 0, < x - [x] < 1 . The solution is x = ^^ [x] . Since < x — [x] < 1 , 

then < l±^[x] <1^0<[x]< i±^ < 2 =* [*] = l,s = ^^[x] ' 



1.113 jfjtjfjt Consider a sequence ai, a 2) &3, • • • , a n satisfying a\ + a 2 + • • • + a n = n 3 for any 
positive integer n , evaluate -\ + • • • + 



a 2 



as - 1 



aioo — 1 
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Solution: When n > 2, we have a t + a 2 + \- a n = n 3 (i), a t + a 2 + h a n _i = (n — l) 3 

(ii). (i)-(ii): a n = n 3 - (n - l) 3 = 3n 2 - 3n + 1. Thus 

1 ! ! irj__lVn = l,2,3,...,100. 



a n — 1 3n 2 — 3n 3n(n — 1) 3\n— 1 n 

W»„~ 1 1 1 1/-, lx 1/1 lx 1/1 1 x 

Hence, + + • • • + = _n _ _) + _( ) + ••• + ) = 

a 2 -l a 3 -l aioo-1 3 V 2 J 3 V 2 3 7 3 V 99 10CT 

1 _ J_x 1 99 33 . 

ir lotr ~ 3 x Too ~ Too 

1.114 ^k^k^k^k Xi : X2,X3,X4 : X5 are distinct positive odd numbers and satisfy 
(2005 - £0(2005 - £2)(2005 - £3) (2005 - x 4 )(2005 - x 5 ) = 576, what is the last digit of 

ry,Z I rv*£ I rf*^ I rp^ I rp^ 5 

Solution: Since Xi, x 2) X3, X4, X5 are distinct positive odd numbers, then 

2005 — £1, 2005 — x 2 , 2005 — x 3 , 2005 — x 4 , 2005 — x 5 are distinct even numbers, thus 576 

needs to be factored into the product of five distinct even numbers, which has a unique form: 

576 = 24 2 = 2 x (-2) x 4 x 6 x (-6). 

Hence, 

(2005 -x l f + (2005 - x 2 f + (2005 - x 3 ) 2 + (2005 - x 4 ) 2 + (2005 - x 5 ) 2 = 2 2 + (-2) 2 + 

4 2 + 6 2 + (-6) 2 = 96 => 5x2005 2 -4010(xi+x 2 +X3+^4 + ^5) + (^+^2+^3+ x 4 + ^5) = 
96 => x\ + x\ + x\ + x\ + x\ = 96 - 5 x 2005 2 + 4010(xi + x 2 + x 3 + x 4 + x 5 ) = 1 

(mod 10), that is, the last digit of x\ + x\ + x\ + x\ + x 2 is 1. 

1.115 ^^^^ There are 95 numbers tti, &2 5 ' ' ' 5 ^95, which can only be +1 or -1. Find the minimum 
value of the sum of all products of any two, S = a\d 2 + CL1CL3 + • • • + (194(195; also determine how 
many (+1) s and how many (-l)'s in the 95 numbers such that the minimum S is obtained. 

Proof: Assume there are m (+l)s and n (-l)s in ai, <22, • • • , 0,95, then m + n = 95 (i). 
a±a 2 + aia 3 + • • • + a 9 4a 9 5 = S , multiply it by 2 plus a 2 + a 2 + • • • + a 95 = 95: 
{a\ + a 2 + • • • + a 95 ) 2 = 25 + 95. a\ + a 2 + • • • + a 95 = m — n , then (m — n) 2 = 25 + 95. 
The minimum value of S to make 2S + 95 a perfect square is S m i n = 13. When S = S m i n , 
(m — n) 2 = ll 2 , that is, m — n = ±11 (ii). (i)(ii) imply that m + n = 95,m — n = ll or 
m + n = 95,m — n = —11, from which we have m = 53, n = 42 or m = 42, n = 53. Hence, 
when there are 53 (+1) s and 42 (-l)'s, or there are 42 (+1) s and 53 (-l)'s, S = S m i n = 13. 

1.116 jfjfjfjf Let p — n(n + l)(n + 2) • • • (n + 7), where n is a positive integer, show 

[0\ = n 2 + 7n + 6. 
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Proof: Let a = n 2 + In + 6, then 

p = n(n+7)(n+l)(n+6)(n+2)(n+5)(n+3)(n+4) = (n 2 + 7n)(n 2 + 7n+Q)(n 2 + 7n+ . 
10)(n 2 + 7n+12) = (a-6)a(a + 4)(a + 6) = a 4 + 4a(a 2 -9a-36) = a 4 + 4a(a + 3)(a-12) 

When n > 1 , a > 12 , then a 4 < p . On the other hand, 

(a + l) 4 -p = a 4 + 4a 2 + l + 4a 3 + 2a 2 + 4a-a 4 -4a 3 + 36a 2 + 144a = 42a 2 + 148a + l > 

=> p < (a + l) 4 . Hence, a 4 <p<(a + l) 4 ^a<tfp<a + l^ [0\ = a = n 2 + 7n + 6. 

1.117 ^^^^^ The real numbers a, 6, c, rf, e satisfy 

a + b + c + d + e = 8, a 2 + b 2 + c 2 + d 2 + e 2 = 16 , find the maximum value of e . 

Solution: Substitute a = 8 -b - c- d- e into a 2 + b 2 + c 2 + d 2 + e 2 = 16: 

(8 - 6 - c - d - ef + b 2 + c 2 + rf 2 + e 2 = 16 => 26 2 - 2(8 - c - d - e)b + (8 - c - 
d — e) 2 + c 2 + d 2 + e 2 — 16 = 0- Since 6 is a real number, then 

A 6 = 4(8 - c - d - e) 2 - 8[(8 - c - d - e) 2 + c 2 + d 2 + e 2 - 16] > => 3c 2 - 2(8 - 

d - e)c + (8 - d - e) 2 - 2(16 - d 2 - e 2 ) < • There are real values c satisfying this inequality if 

and only if A c = 4(8 - d - e) 2 - 12[(8 - d - e) 2 - 2(16 - d 2 - e 2 )] > => 4d 2 - 2(8 - e)d + (8 - 

e) 2 — 3(16 — e z ) < 0- There are real values d satisfying this inequality if and only if 

A d = 4(8 - e) 2 - 16[(8 - e) 2 - 3(16 - e 2 )] > => 5e 2 - 16e < => e(5e - 16) < 

=^> < e < 16/5 • Hence, the maximum value of e is 16/5. 

1.118 ^t^^t^^t Let a positive integer d not equal to 2,5,13, show we can find two elements a, b 
from the set {2, 5, 13, d} such that ab — 1 is not a perfect square. 

Proof: 2 x 5 - 1 = 3 2 , 2 x 13 - 1 = 5 2 , 5 x 13 - 1 = 8 2 , thus we need to show at least one of 
2d — 1, 5d — 1, 13d — 1 is not a perfect square. We prove this by contradiction. Suppose these three 
numbers are perfect squares, that is, 2d — 1 = x 2 (i), 5d — 1 = y 2 (ii), 13d — 1 = z 2 (hi), where 
x,y,z are positive integers, (i) implies 2d — 1 = 1 (mod 2), then x is an odd number, thus 2d — 1 = 1 
(mod 4), thus d = 1 (mod 2), that is, d is an odd number. Similarly (ii)(iii) imply y, z are even 
numbers. Let y = 2y\ ) z = 2z\, where yi, Z\ are positive integers. Substitute them into (ii)(iii) and 
subtract the two resulting equalities: z\ — y\ = 2d ^> [z\ — y\)(z\ + y±) = 2d (iv). The right hand 
side of (iv) is divisible by 2, but the left hand side [z\ — y±) + (z± + y{) = 2z\ is an even number, 
then Z\ — y\ and Z\ + y\ are multiples of 2, thus the left hand side of (iv) is divisible by 2 2 . However, 
d is an odd number, thus the right hand side of (iv) is not divisible by 2 2 , a contradiction to the 
assumption. 

1.119 ^k^k^k^k Let x, y, z be nonnegative real numbers, and x + y + z = 1, find the maximum 

value of xy + yz + zx — 2xyz . 
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Solution: ( X _ 2x ){\ - 2y)(l - 2z) = (1 - 2y - 2x + 4xy)(l - 2z) = 1 - 2y - 2x + Axy - 2z + 
Ayz + Azx — 8xyz = 1 — 2[x + y + z) + 4(xy + yz + zx — 2xyz) , 
thus xy+yz + zx - 2xyz = ±[(1 - 2x)(l - 2y)(l - 2z) + 1] . 

Since x + y + z — 1, then at most one of 1 — 2x, 1 — 2y, 1 — 2z is less than zero, thus 



{l-2x)(l-2y)(l-2z) < 



l-2x + l-2y+l-2z 



3- 2(x + y + z) 



3 ~ 2 ] = J_ . Hence, xy+yz + zx — 2xyz < \{^ + 1) = ^=. Therefore, the maximum value 



3 y 27 
of xy + yz + zx — 2xyz is 7/27. 



1.120 ***** Let a, 6, c <G U, a + 6 + c = 0, show 

a 5 + 6 5 + c 5 a 2 + 6 2 + c 2 



a 



6 3 + c 3 
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Proof: Let F(n) = a n + b n + c n . Obviously a, 6, c are roots of the equation 
(x — a) (x — b) (x — c) = . This equation is equivalent to 

x 3 = (a + b + c)x 2 — (ab + be + ca)x + a6c . 

When n > 4, we have x n = (a + 6 + c)x n ~ l - (ab + bc + ca)x n ~ 2 + (abc)x n ~ 3 . 

Thus a n = (a + 6 + c)a n_1 - (ab + bc + ca)a n ~ 2 + (abc)a n ~ 3 . 

Similarly, b n = (a + b + c)^" 1 - (06 + 6c + ca)& n ~ 2 + (abc)b n ~ 3 

and c n = (a + b + c)c n_1 — (aft + be + ca)c n_2 + (a6c)c n_3 . Add the above three equalities 

together: F(n) = (a + b + c)F(n - 1) - (a& + 6c + ca)F(n - 2) + (abc)F(n - 3) . 

In addition, we know a 2 + b 2 + c 2 + 2ab + 26c + 2ca = (a + b + c) 2 

and a 3 + 6 3 + c 3 - 3a6c = (a + 6 + c)(a 2 + 6 2 + c 2 - a& - be - ca). When a + b + c = 0, 

thenF (1) = 0, ab + be + ca = -<M±^ = -|F(2), a&c = \(a 3 + b 3 + c 3 ) = |F(3), F(n) = 

\F(2)F(n - 2) + lF(3)F(n - 3) . Choose n = 4, we have F (4) = |F 2 (2). Choose n = 5, we 

have F (5) = |F(2)F(3) + |F(3)F(2) = |F(2)F(3) . Hence, ^1 = ^21 . ^1, that is, 

a 5 + b 5 + c 5 a 2 + b 2 + c 2 a 3 + b 3 + c 3 



5 2 3 

1.121 ititititit Given x = by + cz,y = cz + ax, z = ax + by, find the value of 

a b c 

7 + ^ 7 + 7' 

a+1 6+1 c+ 1 

Solution: From the given conditions, we have 

x — y = by + cz — cz — ax ^ (a + l)x = (b + l)y ; 

y — z = cz + ax — ax — by ^ (b + l)y = (c + l)z ; 
z — x = ax + by — by — cz ^ (c + l)z = (a + l)x . 

Hence, (a + l)x = (b + 1)?/= (c + l)z. Let (a + l)x = (6 + l)y = (c + l)z = k, then 
(ax + 6y + cz) + (x + y + z) = 3/c (i). Add up the given equalities in the problem: 

x + y + z = 2 (ax + fo/ + cz) (ii). (i)(ii) lead to ax + by + cz = k , thus 

a b c ax by cz ax + by + cz k 

1 1 = 1 1 = = - = 1. 

a + 1 6+1 c+1 (a + l)x (b+l)y (c+l)z k k 

1.122 ^^^^^ Consider a cuboid whose length, width, height are positive integers m, n, r and 

m < n < r . We paint red color on the surface of the cuboid completely and then chop it into cubes 

with side length 1. If we know that the number of cubes without red face plus the number of cubes with 
two red faces minus the number of cubes with one red face is 1985, find the values of m, n, r . 
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Solution: We have three cases, separated by the value of m , to discuss. 

(1) If m > 2, then the number of cubes without red face is k = (m — 2){n — 2)(r — 2) , the 

number of cubes with one red face is 

fci = 2(ra - 2)(rc - 2) + 2(ra - 2)(r - 2) + 2(n - 2)(r - 2), the number of cubes with two 

red faces is k 2 = 4(m - 2) + 4(rc - 2) + 4(r - 2). We have 

k + k 2 - h = 1985 =>► (m - 2)(n - 2)(r - 2) + 4[(m - 2) + (n - 2) + (r - 
2)] - 2[(m - 2)(n - 2) + (m - 2)(r - 2) + (n - 2)(r - 2)] = 1985 =^ (m - 2)(n - 
2)[(r - 2) - 2] - 2(m - 2)[(r - 2) - 2] - 2(n - 2)[(r - 2) - 2] + 4(r - 2) = 1985 => 
(m-2)(n-2)[(r-2)-2]-2(m-2)[(r-2)-2]-2(n-2)[(r-2)-2]+4[(r-2)-2] = 
1977 => [(r - 2) - 2][(m - 2)(n - 2) - 2(m - 2) - 2(n - 2) + 4] = 1977 => [(r - 2) - 
2]{(m - 2)[(n - 2) - 2] - 2[(n - 2) - 2]} = 1977 => (m - 4)(n - 4)(r - 4) = 1977 
Because 1977 = 1 x 3 x 659 = 1 x 1 x 1977 = (-1)(-1) ■ 1977, then 
ra-4 = l,n-4 = 3,r-4 = 659, orm-4 = l,n-4=l,r-4= 1977, or 
m - 4 = -1, n - 4 = -1, r - 4 = 1977. Therefore, m = 5, n = 7, r = 663, or 
ra = 5,n = 5,r = 1981, or m = 3,n = 3, r= 1981. 

(2) If m — 1 , then n = 1 leads to no solution, thus n > 2 . In this case, the number of cubes without 
red face ko = 0, the number of cubes with one red face k\ — 0, and the number of cubes with two red 
faces k 2 = (n - 2)(r - 2). We have fc + fc 2 - fci = k 2 = 1985, thus 
(n - 2)(r - 2) = 1985 = 5 x 397 = 1 x 1985, from which we obtain n-2 = 5,r-2 = 397, 
orn-2 = l,r-2 = 1985. Therefore, m = 1, n = 7, r = 399, or m = 1, n = 3, r = 1987. 

(3) If m = 2 , then fc = 0, ki and fc 2 are even numbers. In this case, obviously k + k 2 — k\ ^ 1985 . 
As a conclusion, there are five possibilities: 

m = 5,n = 7, r = 663; 
m = 5, n = 5, r = 1981; 
m = 3, n = 3, r = 1981; 
m = l,n = 7, r = 399; 
m = 1, n = 3, r = 1987. 
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2.1 Given the equation —x — b = —x + 142, find the smallest positive integer b such that the solution 

2 5 

x is a positive integer. 



Solution: -x — b = -x + 142 

Z 



9 9 

b = — x — 142. Since 6 is a positive integer, then —x should be 

10 8 10 



a positive integer and greater than 142. Thus x should be a multiple of 10. To minimize b , x = 160, 
then b = jq X 160 — 142 = 2, that is, the smallest positive integer b [ s 2. 



2.2 Solve 



x 



b x 
- + — 



C X 

- + — 



3- 



cab 

Solution 1: The equation implies a,b,c ^ 0- Multiply abc on both sides of the equation: 

(x — a — b)ab + (x — b — c)bc + (x — c — a)ca = 3abc <£=> (ab + be + ca)x = 3abc + 
ab(a + b) + 6c(6 + c) + ca(c -\- a) <=> {ab + bc + ca)x = (a + b + c)(a6 + 6c + ca) . 
When a 5 + 5 c + ca ^Q 5 x = a + 6 + c; When ab + 6c + ca = , x can be any real number. 
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c n i 1lf ; nn o. x — a — b x — b — c x — c — a x — a — b x — b — c x — c 
Solution2: + + = 3 ^ 1 + 1 + 



x — (a + b + c) x — (a + b + c) x-(a + b + c) ^ . , 7 N1/ l 

1 = 0^ - - + - - + K -- - = 0^ [x-(a + b + c)}(- + 

cab a 

1 1 X1 a6 + 6c + ca 

- + -) = 0<^ x- (a + 6 + c) = 0. 

be abc 

When a& + 6c + ca^0,x = a + 6 + c; 

When a6 + 6c + ca = , x can be any real number. 

2.3 Find the condition for Q* such that the equation \ax — 2y — 3| + |5x + 9| =0 has the solution 
(x, y) where x, y have the same sign. 

Solution: \ ax _ 2y - 3| + |5x + 9| = => ax - 2y - 3 = 0, 5x + 9 = => x = — < 0, y = 
ax 3 9 3 5 



10 



a r> . Since x, y have the same sign, < =$> a > — |. 



2.4 Find all positive integer solutions of the equation 123x + 57y = 531 . 

Solution: 123x + 57y = 531 <^> 41a; + 19y = 177 <^> y = 9 - 2x H — — . Thus a = 2, y = 5 

19 

is a specific solution, then all positive integer solutions should have the form x = 2 — 19t,y = 5 + Alt, 

5 2 

where £ is an integer. 2 — 19t > 0, t + 41t >0^> < t < — > thus the only integer t — . Hence, 

41 19 

the original equation only has one positive integer solution x = 2, y = 5. 

2.5 Solve the equation x 4 - 12x 3 + 47x 2 - 60x = 0. 

Solutions 4 - 12x 3 + 47x 2 - 60x = <& x(x 3 - 3x 2 - 9x 2 + 27x + 20x - 60) = <& 
x[x 2 (x - 3) - 9x(x - 3) + 20(x - 3)] = O x(x - 3)(x - 4)(x - 5) = 0, which leads to four 
solutions: x = or 3 or 4 or 5. 

2.6 Given |x — 2| < 3, solve the equation |x + 1| + |x — 3| + |x — 5| = 8. 

Solution 1: |x - 2| < 3 => -1 < x < 5. 

Then |x + 1| + |x - 3| + |x - 5| = 8 => x + 1 + |x - 3| - x + 5 = 8 => \x - 3| = 2. 

When x>3,x — 3 = 2^>x = 5 which does not satisfy the given inequality; 

When x<3,— (x — 3) = 2^>x = l which satisfies the given inequality. 

Solution 2: |x - 2| < 3 => -1 < x < 5. 

When -1 < x < 3, \x + 1| + \x - 3| + \x - 5| = 8 ^> (x + 1) - (x - 3) - (x - 5) = 8 =^ x = 1; 
When 3 < x < 5, |x + 1| + |x - 3| + |x - 5| = 8 => (x + 1) + (x - 3) - (x - 5) = 8 => x = 5, 
a contradiction to3<x<5,orx = 5 does not satisfy the given inequality. 
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2.7 Solve the equation x|x| — 3\x\ —4 = 0. 

Solution: When x > 0,x|x| - 3|x| -4 = 0^>x 2 -3x-4 = 0^>(x + l)(x-4) = 0^>x = -l 
(deleted since x > 0) or x = 4. 

When x < 0, x|x| - 3|x| - 4 = => -x 2 + 3x-4 = 0=>x 2 -3x + 4 = which has no 
solution since A = 9 — 16<0. 

As a conclusion, the original equation has a unique solution x = 4. 

2.8 We know that the equation system 

3x + my — 5 = 
x + ny — 4 = 
has no solution, and m, n are integers whose absolute values less than 7, find the values of m, n. 

Solution: The equation system has no solution, then - = — Jz -, thus m = 3n and 4m 7^ 5n . 

7 ? l n 4 

Additionally since |ra| = |3n| < 7, thus — < n < -.Sincen is an integer, then n = —2, — 1, 0, 1, 2, 

o o 

then m = —6, —3, 0, 3, 6. Hence, when m = —6, n = — 2 or m = —3, n = — 1 or m = 0, n = 
or m = 3, n = 1 or m = 6, n = 2, the original equation system has no solution. 

2.9 Assume the equation 2x 2 + x + a = has the solution set A , and the equation 2x 2 + 6x + 2 = 
has the solution set B , and A n 5 = {1/2}, find A U 5. 

Solution: Let A = {1/2, xj, 5 = {1/2, x 2 } . 

Vietas formulas lead to X\ + 1/2 = —1/2, x 2 /2 = l^>Xi = — l,x 2 = 2. 

Hence, A U B = {1/2, -1} U {1/2, 2} = {-1, 1/2, 2} . 



2.10 Find real valued solutions of the equation y/x + yjy — 1 + Vz — 2 = (x + y + z)/2. 

Solution 1: y/x + y/y^T + y/z-2 = (x + y + z)/2 ^ x - 2yfx + 1 + (y - l)-2y/y=T + 

(z -2) - 2^^2 + 1 = <* (y/E - l) 2 + (y/y^l - l) 2 + (V^^2 - l) 2 = 
^^_1 = 0,Vt7^T-1 = 0,^^2-1 = 0^x = 1, ? / = 2,z = 3. 

Solution 2: Let y/x = t (t > 0), y/y - 1 = u (u > 0), V^ - 2 = ?J (v > 0). Then 
x = t 2 ,7/ = 7j 2 + l,z = ?j 2 + 2, substitute it into the original equation to obtain 

t + u + v = (t 2 + u 2 + l + v 2 + 2)/2 o t 2 + u 2 + v 2 -2t-2u-2v + 3 = ^ 
(t - l) 2 + (u - 1 j 2 + (tj - l) 2 = => t = u = v = 1 => x = 1, y = 2, z = 3 . 



Download free eBooks at bookboon.com 

45 



Elementary Algebra Exercise Book I 



Equations 



2.11 Solve the equation 



x + 1 x + A x + 1 

+ 



x 



x + A 



x 



1 



x 



x + 1 



Solution: The equation is equivalent to 

3 , 3 3 

1 r - 1 t- + 1 + 



x + A 



£+ 1 



1 + 



X 



£ + 1 



2 
3' 



2 3 

3 x — 



2 3 

3 + x + 4 



<^ 



x 2 + 2x - 35 = and x ^ 2, x ^ -4. We can factor it to be (x - 5)(x + 7) = 0, which leads 
to solutions x = 5, x = —7. 



2.12 If the equation x 2 — 2x — Ay = 5 has real valued solutions, find the maximum value of x — 2y . 

Solution: Let x — 2y = t , then we have a system of equations: x 2 — 2x — Ay = 5 (i) and x — 2y = t 
(ii). (i)-(ii) x2: x 2 — 4x = 5 — 2t <^> x 2 — Ax + 2t — 5 = 0. This quadratic equation has real valued 
solutions, thus A = 16 - 4(2* - 5) = 4(9 - 2£) > <^> t < 9/2, that is, the maximum value of 

x - 2y is 9/2. 



2.13 Solve the equation lg x + lg x 3 + lg x 5 + 



lgx : 



2n-l 



n (n eJV). 



Solution: lg X + lg X 3 + lg X 5 + h lg X 2n_1 = n «=> lg :E l+3+5+-+(2n-l) = n ^ } g x (l+2n-l)n/2 = 

72 <^> 72 2 lg x = n <^> lg x = 1/n (since n G A/*), whose solution is x = ylO. 
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2.14 Solve the equation 5 a 

Solution: 5 X+1 = 3 x2 ~ l <& (x + 1) lg 5 = (x 2 - 1) lg 3 <& (x + l)[lg5 — (x - 1) lg 3] = 0, thus 
x + 1 = or lg 5 — (x — 1) lg 3 = 0, which imply two solutions x — — 1, x — log 3 15. 



2.15 Solve the equation x 4 - 4x 2 + 1 = 0. 



Solution: Let y = x 2 , then the equation becomes 

y 2 - 4y + 1 = <& (y - 2) 2 = 3 => y = 2 ± ^3 ^ x 2 = 2 + ^3 or x 2 = 2-^3, 

the first of which implies x = ±v 2 + v 3 = ± 2 + > ^ e secon d of which implies 

x = ±^2-V3 = ±^=±. Hence, the four solutions are ^±1, -^, ^, ~^ i - 

2.16 For any real number fc , the equation (k 2 + k + l)x 2 — 2 (a + /c) 2 x + fc 2 + 3ak + 6 = always 
has the root x = 1 . Find (1) the real numbers a, 6 ; (2) the range of the other root when k is a random 
real number. 

Solution: (1) x = 1 is always a root, then (fc 2 + k + 1) - 2 (a + k) 2 + /c 2 + 3ak + 6 = is always 
valid for any k , that is, (1 - a)k + (1 - 2a + b) = for any fc , thus 1 — a = 0, 1- 2a + 6 = 0, 
which lead to a = 6 = 1 . 

(2) Let the other root be x 2 , then Vietas formulas imply 

fc 2 + 3a/c + 6 fc 2 + 3/c + l , iNl2 , oX7 , _ n 

1 * X2 = k 2 + k + l = k 2 + k + l ** (X2 ~ 1)k + (X2 ~ 3)k + (X2 ~ 1} = °" 
A = (x 2 - 3) 2 - 4(x 2 - l) 2 = -3x 2 + 2x 2 + 5 > which implies -1 < x 2 < 5/3. 

2.17 Solve \3x- |1 - 2x\\ = 2. 

Solution: |3x - |1 - 2x\\ = 2 =► 3x - |1 - 2x\ = ±2. 

When 3x - |1 - 2x| = 2, |1 - 2x| = 3x - 2, then 3x-2>0^x> 2/3, and 

1 - 2x = ±(3x - 2) which leads to x = 1 or x = 3/5 < 2/3 (deleted). 

When 3x - |1 - 2x| = -2, |1 - 2x| = 3x + 2, then 3x + 2>0^x> -2/3, and 

1 - 2x = ±(3x + 2) which leads to x = -1/5 or x = -3 < -2/3 (deleted). 
Hence, the original equation has solutions x = lorx = — 1/5. 

2.18 The equation 7x 2 — (k + 13)x + k 2 — k — 2 = (k is a real number) has two real roots a ) /3 , 
and 0<a<l,l</5<2. Fine the range of k. 



Download free eBooks at bookboon.com 

47 



Elementary Algebra Exercise Book I Equations 



Solution: Let f(x) = 7x 2 - (fc + 13)x + fc 2 - k - 2, since < a < 1, 1 < /3 < 2 are two roots 
of /(*) = 0, then /(Q) = k 2_ k _ 2>Q 

/(l) = fc 2 -2fc-8<0 
/(2) = fc 2 - 3k > 

fc > 2 or fc < -1 
^ -2 < fc < 4 =» 3 < k < 4 or -2 < fc < -1. 

k > 3 or fc < 



2.19 Solve the equation ^x 2 + 2x - 63 + ^x + 9 - yJT^^x + x + 13 = 0. 

Solution: The equation has real roots if and only if x 2 + 2x — 6>0,x + 9>0,7 — x > ^> x < 7 
or x < —9, x > —9, x < 7 =^> x = —9 or x = 7. It is easy to obtain that x = — 9 is a root of the 
original equation, but x = 7 is not. Hence, the original equation has a unique root x = — 9. 

2.20 The equation fc lg 2 x + 3(fc — 1) lg x + 2fc = has the variable x and the parameter fc , if the 
equation has two roots, one less than 100, one greater than 100, Find the range of fc . 

Solution: Let t — lg x , and X\ < 100, X2 > 100, then the original equation becomes 
fct 2 + 3(fc - l)t + 2fc = 0. Because x 1 < 100 < x 2 , we have 

lgxi < 2 < lgx 2 => £1 < 2 < t 2 => fc/(2) < => fc[4fc + 6(fc - 1) + 2fc] < => 
fc(2fc- 1) <0^0< fc< 1/2. 

2.21 Given y — \/a6 = a\Jbx — a + b\/ a — bx (a > 0, b > 0), show log a (xy 2 ) = 2. 

Proof: The equation makes sense if and only if bx — a > 0, a — bx > , i.e. x > a/6, x < a/6 , then 
x = a/6, substitute it into the original equation to obtain y = yab . Hence, 

\og a {xy 2 ) = logjf (V^6) 2 ] = log a (f • a6) = log a a 2 = 2. 

2.22 For what values of fc, the quadratic equation (fc 2 — l)x 2 — 6(3fc — l)x + 72 = with variable 
x has two distinct positive integer roots. 

Solution: A = 36(3fc - l) 2 - 4 x 72(fc 2 - 1) = 36(fc - 3) 2 > => k ^ 3 . The quadratic formula 
implies x— 6 ( 3k ~p± 6 (k-3) ? t ^t is, xi = j^, x 2 = ^— [. Since Xi, x 2 are positive integer roots and 

fc 7^ 3, then fc = 2. When fc = 2, Xi = 4, x 2 = 6. Hence, fc = 2 is the only value of fc such that the 
equation has two distinct positive integer roots. 



2.23 * Solve the equation P 4 2 • C* +3 = (Cf - l)i* 



2 
oH-i' 
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Solution: 



<^> 



P 2 . r 4 



(cl 



i)^ 2 + i 



4 x 3 x 



(x + 3){x + 2)(x + l)x /8x7x6x5x4 



4x3x2x1 



5x4x3x2x1 



-l)(x + l)x 



t$ 



(x + 3)(x + 2)(x + l)x 



55(x + l)x. 



Since x + l>2,a; + 3>4, then x > 1, then i/0,x/-l. We can divide (re + l)rc/2 on both 
sides: (re + 3)(rc + 2) = 110 <£> x 2 + 5x - 104 = «• (re + 13) (a; - 8) = which leads to 
x = 8 or re = —13 (deleted). Hence, the original equation has the root re = 8. 



2.24 -jr The three roots of the equation 3rc 3 + pre 2 + grc — 4 = are the side length, the radius of the 
inscribed circle, the radius of the circumcircle, of a same equilateral triangle. Find the values of p, q . 

Solution: Let the equilateral triangle has the side length a , then the radius of the inscribed circle and 



y/3. 



V3, 



the radius of the circumcircle are ^-a and %r-a , respectively. Vieta's formulas imply 
a + ^-a + ^-a = -§ (i), a^-a + a^-a + ^§a ■ ^-a = § (ii), a ■ ^-a • ^-a = § (hi), (hi) leads 
to a = 2, substitute it into (i)(ii) to obtain p = — 6 — 3a/3, q = 2 + 6\/3. 



■' 
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2.25 Solve the equation system 



log 2 x + log,, 8 
Solution: The system is equivalent to 



log y 2 + log 8 x 



3 

log 2 x + = 2 (i) 

log 2 y 

1 + 21og^ = l (i . } 



iog 2 y 3 

(ii) x3-(i): log 2 x = 1 =^> x = 2. Substitute it into (i): y = 8. We can easily verify x = 2, y = 8 is a 
solution of the original system. 

2.26 Given (x) = x — |, solve the equation /[/(#)] = £ . 

Solution: [/(*)] = x - ± - -^ = ^itl^ 

thus [/(x)] = x ^ x4 ; 3 3 !l +1 = x^x 2 = ±^x = ±^. 

2.27 ^^ n is a positive integer, and denote a n as the number ofnonnegative integer solutions (x, y, z) 
to the equation x + y + 2z = n. Find the values of a 3 and a 2 ooi • 

Solution: When n = 3, we have x + y + 2z = 3. Since x > 0, y > 0, z > 0, we have < z < 1. 
When 2 = 1, then x + y = 1 , then (x, y) = (0, 1) or (1, 0) . When z = 0, then x + y = 3, then 
there are four possibilities of (x,y). Hence, a 3 = 2 + 4 = 6. When n = 2001, we have 
x + y + 2z = 2001 , thus < z < 1000. When z = 0, then x + y = 2001, then there are 2002 
possibilities of (x, y) . When z — 1, then x + y = 1999, then there are 2000 possibilities of (x, y) 

When z = 1000, then x + y = 1 , then there are two possibilities of (x, y) . As a conclusion, 

a 20 oi = 2002 + 2000 + 1998 + • • • + 4 + 2 = 1003002. 

2.28 Solve the equation x 2 + x - 2x^x - 2 -6 = 0. 

Solution: x ^ + x - 2x v / x Tr 2 - 6 = <^ x 2 - 2x v / x Tr 2 + x-2 = 4^(x- y/x^2f = 4 <& 
x - y/x-2 = ±2 . 

When x - V^ - 2 = 2, then x - 2 - yjx - 2 = <^> V^ - 2(V^ - 2 -l) = 0^x = 2 or 
x = 3. 



When x — \/x — 2 = — 2, then x + 2 = \px^2 =^> x 2 + 3x + 6 = which has no solution since 
A = 3 2 -4x6<0. 

It is easy to check that x = 2, x = 3 are the solutions of the original equation. 
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2.29 Solve the equation log^*" 1 + 7) = 2 + log^" 1 + 1). 

Solution: The equation is equivalent to 

log^- 1 ) 2 + 7] = log 2 4(3 x - 1 + 1)<* (3*- 1 ) 2 + 7 = 4(3 X - 1 + 1). Let y = 3*" 1 > 0, then 

y 2-4y + 3 = 0^(y- l)(y - 3) = =► y = 1 or y = 3. 

When y = 1, 3*" 1 = l=^x-l = 0=^x=l. 

When 2/ = 3, 3*" 1 = 3^x-l = l^x = 2. 

It is easy to verify that x = 1 , x = 2 are the solutions of the original equation. 

2.30 ^ Find all prime number solutions of the equation x(x + y) = z + 120. 

Solution: When z = 2, then x(x + y) = 122, then x + y = 122/x is an integer and since x is a 
prime number, then x = 2 or 61. When x = 2, then y = 59; When x = 61, then y = —59 (deleted). 

When z is an odd number, then x and x + y are both odd numbers. Thus y has to be the only even 
prime number, i.e. y — 2. Then x(x + 2) = z + 120 <£=> 2 = (x — 10) (x + 12) . Since z is a prime 
number, then x — 10 = 1, then x = 11, z — 23. 

As a conclusion, there are two possibilities: x = 2, y = 59, z = 2 orx = 11, ?/ = 2, z = 23. 

2.31 Solve the equation V2x 2 - 7x + 1 - V2x 2 - 9x + 4 = 1 (i). 

Solution: Multiply both sides by \/2x 2 - 7x + 1 + \/2x 2 - 9x + 4 : 

V2x 2 - 7x + 1 + V2x 2 - 9x + 4 = 2x - 3 (ii).(i)+(ii): V2x 2 - 7x + 1 = x - 1, taking square 
to obtain x 2 — 5x = ^> x(x — 5) = 0^>x = or x = 5. We can verify these two possible 
solutions via the original equation (i): x = 5 is indeed a root of (i), but x = is a extraneous root 
generated by taking square. 

2.32 it Find positive integers m, n such that the quadratic equation 4x 2 — 2mx + n = has two 
real roots both of which are between and 1. 

Solution: The equation has two real roots, thus A = 4m 2 — 16n > =4> n < m 2 /4. Since both roots 
are between and 1, then /(0) = n > 0,/(l) = 4 - 2m + n > 0,thenn > 2m - 4(m,n G A/"). 
Hence, 2m — 4 < n < m 2 /4, which implies a unique choice: ra = 2, n = 1 . 

2.33 ^^ Solve the system of equations 

(l + yf = 100 (i), 
(y'-2y 2 + lT- 1 = j^f (y>l) (ii). 
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Solution: (ii) ^ ^ l) 2x (y + l) 2x (y 1)^ SJnce / ±1, then 

~ (y-l) 2 (y + l) 2 (y + iy 
(y-l) 2 %y + l) 2 * -(y-l) 2 *(y-l) 2 = t> (y-l) 2 *[(y + l) 2 * -(y-1) 2 ] = ^ y = 1 or 

(y + l) x = ±(y - 1). The second case together with (i) leads to ±(y - 1) = 100 =*> y = 101 or 
y = — 99 (deleted since y > 1). 

When |/ = 1 , then (i) implies 2 

When |/ = 101, then (i) implies 102* = 100 



100 =>■ x = — - 

lg2 2 



X 



lgl02' 



i 6 J.U^ 

We can verify that x = x^-jV ~ 1 and £ = t 102 , 2/ = 1 1 are the two solutions of the original system 
of equations. 



2.34 ^k If a, b, c are nonzero real numbers, solve the system of equations 

ay + bx 
yz 



bz + cy 

zx 

az + ex 



a, 



= b. 
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Solution: 

xy 



O 



ay + bx 

yz 

bz + cy 

zx 

az + ex 



ay + bx 



= b 



^ 



xy 






c 


bz + . 


cy 




1 


yz 






a 


az + 1 


ex 


= 


1 


zx 




b 


a b 
- + - 
x y 


= 


1 

c 


(i) 


b c 

- + - 
y z 


= 


1 

a 


(ii) 


a c 

- + - 
x z 


= 


1 
b 


(iii 



(i)+(ii)+(iii): - + - + - = J(- + 1 + -J (iv). Then (iv)-(ii), (iv)-(iii), (iv)-(i): 
x y z 2 \a b cj 

__ 2a 2 bc _ 2b 2 ca _ 2c 2 ab 

ab+ac—bc ' " bc+ab—ac ' ca+bc—ab 

2.35 The real numbers x, y satisfy the equation x 2 — 2xy + y 2 — \[2x — y^2y + 6 = 0. Find the 
minimum value of x + y . 

Solution: Let x + y = k , then y = k — x . Substitute it into the equation: 

x 2 -2x(k-x) + (k-x) 2 -V2x-V2(k-x) + 6 = ^ 4x 2 -4fcx + (fc 2 -V2fc + 6) = 0, 
then A = (4k) 2 - 16(k 2 - V2k + 6) = 16y/2k - 96 > O k > 3a/2, 
thus k = x + y has the minimum value 3 y 2 . 

2.36 * Solve the equation (^2 + ^3)* + (^2-^?>) x = 4. 

Solution: The equation is equivalent to (v2 + \/3) x H ^— - = 4. Let y = (a/2 + \/3) x , then 

y + l = 4^y 2 - Ay + 1 = whose roots are y = 2 ± y/3. 
When y = 2 + V3, ( ^2 + VS) X = 2 + ^3 = ( ^2 + V3) 2 , thus x = 2. 
When y = 2 - ^3, (^2 + ^3)* = 2 - y^ = ^ = (^TT^)- 2 , thus x = -2. 
We can verify that x = 2, x = — 2 are indeed roots of the original equation. 
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2.37 If the equation x 2 — kx + k 2 — 4 = has two positive roots, find the range of k . 

Solution: The condition of two positive roots (denoted by Xi, X2) 

implies xi + x 2 = fc > 0, x x x 2 = fc 2 - 4 > 0, A = k 2 - 4(fc 2 - 4) = -3k 2 + 16 > 0. 

From these three inequalities, we can easily obtain 2 < k < 4y 3/3. 

2.38 Solve the system of equations 



2 Vx2 ~ x ~ 2 = %, 

lg(l + y) = 21gy + lg2. 

Solution: The second equation leads to 

lg(l + y) = lg 2y 2 => 1 + y = 2y 2 => 2?/ 2 - y - 1 = => y = 1 or -1/2 (deleted since 

7/ > 0). Substitute y = 1 into the first equation: 



2 V^-x-2 = 2 2 ^ Vx 2 -x-2 = 2^x 2 -x-6 = 0^ (x-3)(x + 2) = => x = 3 or 
x = — 2. Hence, (3, 1), (—2, 1) are solutions of the original equation system. 



2.39 Solve the equation V4x 2 + 2x + 7 = 12x 2 + 6x - 119. 

Solution: Write the equation as \/4x 2 + 2x + 7 = 3(4x 2 + 2x + 7) - 140. Let V4x 2 + 2x + 7 = t 

(t > 0), then t = 3t 2 - 140 => 3t 2 - t - 140 = => (3t + 20) (t - 7) - => t = -20/3 

(deleted) or t = 7. 

Thus V4x 2 + 2x + 7 = 7 => 4x 2 + 2x + 7 = 49 => 2x 2 + x - 21 = => (x - 3)(2x + 7) = 

0^>x = 3orx = —7/2. We can verify that both x = 3, x = —7/2 are roots of the original 

equation. 

2.40^ Let^S bethesumofreciprocalsoftworealrootsoftheequation(a 2 — 4)x 2 + (2a — l)x + 1 = 
where a is a real number, find the range of S. 

Solution: Let X\ ) x 2 be the two roots, then X\ + X2 = ^rf 5 ^1^2 = ~^~l- The quadratic equation has 

real roots, thus a 2 - 4 ^ 0, A = (2a - l) 2 - 4(a 2 - 4) > 0, thus a^±2,a< 17/4. Hence, 
S=^ + ^ = S" = 1 - 2a should satisfy S ± -3, S ± 5, S > -15/2. 

2.41 j{ Let a, b be two real numbers, \a\ > 0, and the equation | |x — a| — b\ = 5 has three distinct 
roots, find the value of b . 

Solution: The equation | |x — a\ — b\ = 5 is equivalent to \x — a\ — b = ±5 <^> |x — a\ = b ± 5. 
The equation has three distinct roots if and only if 6 — 5 = 0, that is b = 5 and the roots are 
x = a^x = a± 10. 
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2.42 ^ Solve the system of equations 



x 2 + xy + y 2 



x + Jxy + y 



84, 
14. 



Solution:Thesecondequationisequivalenttox + y = 14 — y/xy =^> x 2 + xy + y 2 = 196 — 28-^/xy . 
The left hand side is 84 due to the first equation, then 84 = 196 — 28-sJxy =^> sjxy = 4. Substitute 
it into the second equation to obtain x + y — 10. Hence, we can treat x, y as roots of the quadratic 
equation z 2 — lOz + 16 = • The roots are z = 2 or z = 8- Therefore, the original system of equations 
has two solutions (2, 8) , (8, 2) . 



2.43 ** The real numbers a, 6, c satisfy a ^ b and 2009(a - b) + \/2009(6 - c) + (c - a) = , 
(c — 6)(c — a) 



find the value of 



(a -by 



Solution: Let a/2009 = x , then (a — b)x 2 + (b — c)x + (c — a) = 0. a ^ b implies that this 
equation is a quadratic equation. Obviously, x = v2009 and 1 are two roots of this quadratic 
equation, then a/2009 + 1 = 



-, a/2009 x 1= C 



Hence, 



(c-b)(c- 

(a - by 



c — a 



a — b 
(a/2009 + l)\/2009 = 2009 + \/2009. 
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2.44 -kit Find all functions f(x) that satisfy the equation 2/(1 — x) + 1 = xf(x) . 

Solution: Replace £ with 1 - x in the equation: 2/(x) + 1 = (1 - x)/(l - x) (i). 
Rewrite the original equation as f{\ — x) = \[xf(x) — 1] (ii). Substitute (ii) into (i): 

2 f{x) + 1 = (1 - x)\[xf{x) - 1] ^ 4/(x) + 2 = x/(x) - 1 - x 2 f(x) + x <& 
( x 2 _ x + 4)/(x) = x _ 3 ^ / (x) = _-^_ 

2.45 ^^ If the equality ab = 2(c + d) is always valid, show at least one of the equations 
x 2 + ax + c = and x 2 + 6x + d = has real root(s). 

Proof: Ai = a 2 - 4c, A 2 = 6 2 - 4rf . Assume A x < 0, then a 2 - 4c < 0, then a 2 < 4c . 
afe = 2(c + d) & ab - 2c = 2d , thus A 2 = b 2 -Ad = b 2 - 2ab + Ac>b 2 - 2ab + a 2 = (b- a) 2 > 0. 
Similarly if we assume A 2 < 0, then we will obtain Ai > 0. 

2.46 Solve the equation log a x + log x 6=1 where a > 1, b > 1. 

1 or t* 1 £? h 

Solution: log x + log T 6=1=^ -^ h r^— = 1 => lg 2 x - lg a lg x + lg a lg b = 0- To guarantee the 

lga lgx 

existence of real valued solutions, we need A = lg 2 a — 4 lg a lg 6 = lg a(lg a — 4 lg 6) > 0. Since 

a > 1, lga > 0> thus lga > lg& 4 . Hence, a > 6 4 . When a > fr 4 , we have 

lg a ± Vlg 2 a-41galg& , thus x = W (^±^a-4i ga i g b)/2^ when fl < fe4? the original 

lgz = g 

equation has no root. 



2.47 ^^ The real number x satisfies the equation \J x x * y x , find the value of [2x] . 



i . /i -i 



Solution: Let a = J x — -, 6 = wl — - , then x = a + 6 (i), a 2 — 6 2 = x — 1, 
then a-&=^ = ^ = l-± (ii). (i)+(ii): 



=> x = i^. Since x > 0, then x = ^fi ^2x = V5 + 1^3<2x<4^ [2x] = 3. 

2.48 * Solve the equation a 2x (a 2 + 1) = (a 3x + a x )a . 

Solution: a 2x (a 2 +l) = (a 3x +a x )a ^ a 2x+2 +a 2x = a 3x+1 +a x+1 & a 3x+1 -a 2x+2 -a 2x +a x+1 = 0. 
Since a ^ by the definition of an exponential function, then we can divide both sides by a to obtain 
a 3x _ a 2x+i _ a 2x-i _|_ a x _ q ^ ^ _ a ^ a 2x _ a x-i^ — o =^> a x = a or a 2x = a x_1 , which 

imply x = lorx = — 1. We can verify that both x = 1 , x = — 1 are roots of the original equation. 
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2.49 * Solve the equation (x - l) 4 + (x + 3) 4 = 82. 

Solution: Let y = x + 1 , then the original equation becomes 

(y - 2) 4 + (y + 2) 4 = 82 <& (y 2 - 4y + 4) 2 + (y 2 + 4y + 4) 2 = 82 <& y 4 + 24y 2 - 25 = 

^ (y 2 + 25)(y 2 - 1) = 0. Since y 2 + 25 > 0, 

then y 2 -l = 0=>y = ±l=>x + l = ±l^>x = 0orx = -2. 

Hence, the original equation has two roots x = 0, x = — 2. 

Anii 1 18 18 

2.50 it Solve the equation — 1 = 0. 

x 2 + 2x-3 x 2 + 2x + 2 x 2 + 2x + l 
Solution: Let x 2 + 2x + 1 = y , then the original equation becomes 

1 18 18 1 18 9 , 

■ + — tt = ° =* 7 = / i in => V 2 -^y + 72 = =* (y-8)(y-9) = 



y-4 y+1 y y-4 y(y + 1) 

^ y = 8 or y = 9. 

When y = 8, we have x 2 + 2x + l = 8^x = -l + 2^/2 or x = -1 - 2\/2. 

When y = 9, we have x 2 + 2x + l = 9^>x = 2orx = —4. 

We can easily verify that x = — 1 + 2y2, x = —1 — 2y2, x = 2, x = —4 are roots of the original 

equation. 

2.51 ^ Let #i, X2 be the two real roots of the quadratic equation x 2 + x — 3 = 0, find the value of 
x\ - 4x1 + 19 - 

Solution: x\ + Xi - 3 = 0, x\ + x 2 - 3 = 0, thus x 2 = 3 - Xi, x\ = 3 - x 2 . Vietas formulas 
imply x\ + x 2 = — 1. Hence, 

xf-4x^+19 = xi(3-xi)-4(3-x 2 )+19 = 3xi-x?+4x 2 +7 = 3xi-(3-xi)+4:r 2 +7 = 
4(xi + x 2 ) + 4 = 4 x (-1) + 4 = 0. 

2.52 ^^ If x, y, z are real roots of the equation system 

x 2 — yz — 8x + 7 = 0, 
y 2 + z 2 + yz — 6x + 6 = 0, 
find the range of x . 

Solution: The system is equivalent to 

yz = x 2 — 8x + 7 (i) 
y 2 + z 2 + yz = 6x — 6 (ii) 

(ii)-(i) x3: y 2 +z 2 -2yz = -3x 2 +30x-27 => (y-z) 2 = -3(x-l)(x-9) > =» (x-l)(x-9) < 
0^ 1 < x < 9- 
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2.53 ^ If a, 6, k are rational numbers, and b = ak 
two rational roots. 



, show the equation ax 2 + bx + c = has 



Proof: The discriminant A = 6 2 - 4ac = (afc + § ) 2 - 4ac = (a/c - f ) 2 ,thus \/A = ±(afc - §). 
In addition, ak — | = ak — {b — ak) = 2ak — b . Since a, 6, fc are rational numbers, ak — | is also 
a rational number, thus v A is a rational number, therefore the two roots of the quadratic equation 

-b±VK 



X 



2a 



are rational numbers. 



2.54 jfjt If #1, £2 are the two real roots of the equation x 2 + ax + a 
such that (xi — 3^2) (x 2 — 3xi) reaches the maximum value. 



0, find the value of a 



Solution: Vietas formulas imply X\ + X2 = —a, X\X 2 — a — |, thus 

[x\ — 3x 2 )(x 2 — 3xi) = 10xix 2 — 3(x 2 + ^2) = 16xix 2 — 3(xi + x 2 ) 2 = 16a — 8 — 3a 2 = 

— 3(a— |) 2 + y. Since the quadratic equation has two real roots, the discriminant 

A = a 2 - 4(a - \) = [(a - 2) + y/2][(a - 2) - y/2] > which leads to a > 2 + V2 or 

a < 2 — v 2. Since 8/3 G (2 — y2 3 2 + y2) > the extreme values should be obtained at boundaries. 

When a = 2 + y/2, (x 1 - 3x 2 )(x 2 - 3xi) = 4^ + 6. 

When a = 2- ^2, (xi - 3x 2 )(x 2 - 3xi) = -4^ + 6. 

Hence, when a = 2 + y2> (^1 — 3x 2 )(x 2 — 3xi) reaches the maximum value 4y2 + 6. 
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2.55 ^^ Given y = £_ |£±|, find all values of x such that y is an integer. 

Solution: y = x l~^+i = 1 + ^- .LetA = - ± Q ,thenAx 2 - (3A + l)x + 3A - 1 = 

y x 2 -3x+3 x 2 -3x+3 ^2 _ 3^ _|_ 3 

(*). The discriminant A > => (3A + l) 2 - 4A(3A - 1) > => 3A 2 - 10A - 1 < 

_^ 5-2^ < ;\ < 5+2^/7. To make 2/ an integer, A should be an integer, thus ^ = 012 3, substitute 
them into (* ) to obtain x = -1, 2 + y/2, 2 - >/2, 1, 5/2, 2, 4/3. 



2.56 "^"^ Solve the equation y 12 — ^ + y ^ ~~ ^2 — x 
Solution: Squaring both sides to obtain 



12- ^ + x 2 -^ + 2Jl2x 2 -lf + if-12 = x 4 ^ 2VT2 Jx 4 - x 2 - 12 + if = 
\x\ (x 4 — x 2 — 12 + ^|) . Let x 4 — x 2 — 12 = t and substitute it into the above equality: 
4 x 12(t + ±|) = x 2 V + ^ + ^^48t+^ = x 2 £ 2 + *£ + 48t ^ x 2 £ 2 = 0. Since 
x^O, then £ = 0, then x 4 — x 2 — 12 = 0, then x 2 = ly£ which should be nonnegative, thus 
x 2 = 4, that is x = ±2. We can easily verify that x = ±2 are roots of the original equation. 

2.57 itit The real numbers a, /3, 7 are roots of the cubic equation 2x 3 + x 2 — 4x + 1 = 0. Evaluate 

(1) a 2 + /3 2 + 7 2 , (2) ^ + ^ + ^ , (3) a 3 + /3 3 + 7 3 . 

Solution: (1) Vietas formulas imply a + /3 + 7 = — | (i), a/3 + /3j + 7a = —2 (ii), a/3j — — \ 
(iii).(i) 2 -(ii)x2: 

a 2 + /3 2 + 7 2 + 2ce/? + 2/3 7 + 2 7 ce - 2ce/3 - 2/3 7 - 2 7 ce = (-|) 2 - (-2) x 2 => 
a 2 + /3 2 + 7 2 = 4|. 

,~x i 1 X 1 JL = ^+/^+7 = zl/2 = 1 
UJ /3 7 ' ja * a(3 af3j -1/2 x • 

(3) The original equation is equivalent to x 3 = ~ x "t^ -1 , substitute a, /5, 7 into it and add them up 

to obtain a ^ + R 3 + 7 3 = -ce 2 +4a-l j -/3 2 +4/3-l j - 7 2 +4 7 -l = -(a 2 +/3 2 + 7 2 )+4(q+/3+ 7 )-3 

= -4^-2-3 = _ 4 s 



2.58 T^r Solve the system of equations 

x 2 — xy + y 2 — 19x — 19y = 0, 

xy = —6. 

Multiply the second equation by 3 and add it to the first equation: (x + y) 2 — 19(x + y) + 18 = 
<^>(x + ?/ — l)(x + y — 18)=0^>x + ?/ = lor x + y = 18. We discuss these two cases 
separately. 

When x + y — 1, we can treat x, y as two roots of the quadratic equation z 2 — z — 6 = <^=> 
(z — 3)(z + 2) = =^> z = 3 or z = — 2, thus we obtain two solutions (3, —2), (—2, 3) . 
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When x + y = 18, we can treat x, y as two roots of the quadratic equation z 2 — 18 z — 6 = 
=> z = 9 ± 2^97 thus we obtain two solutions (9 + 2^97, 9 - 2^97), (9 - 2^97, 9 + 2^97). 
Hence the original system has four solutions (3, — 2), (— 2, 3), (9 + 2y97, 9 — 2y97), 
(9 - 2^97, 9 + 2^97) . 

2.59 ** Solve the equation x x + 85x~* - 100x~ 2x = -14. 

Solution: Let y = x x , then the equation becomes 

y + 85 _ 100 = _ 14 ^ y s + 14?/ 2 + g^ y _ 10 q = q obviously y = 1 is one root, that is, 

x x = 1 whose root is x = 1. Let a, /3 be the other two roots, then Vietas formulas imply 

1 + a + (3 = —14, a + /3 + a/3 = 85, a/5 = 100, from which we can obtain 

a 2 + 15a + 100 = 0, /3 2 + 15/3 + 100 = 0. The discriminant A = 15 2 - 400 < 0, thus a, /3 do 

not exist. Hence, x = 1 is the only root of the original equation. 

2.60 ** The equation 5x 2 — (10cosa)x + 7 cos a + 6 = has two identical roots, a is one 

angle of a parallelogram, and the sum of two adjacent sides is 6, find the maximal area of the parallelo- 
gram. 

Solution: The quadratic equation has two identical roots, thus the discriminant 
A = 100cos 2 a- 140cosa- 120 = 0^ 5cos 2 a - 7cosa - 6 = => cosa = ^- Since 

| cos a | < 1 , then cos a = ^^ = — |. The angle of a parallelogram, a , is between 0° and 180°, 

and since cos a = — | < 0, thus a e (90°, 180°), then sin a = y/l — cos 2 a = |. Let one side of 

parallelogram has length u , then one adjacent side has length 6 — u . The area 

S = u(6 — u) sin a = u(6 — tz)| = — |(tz — 3) 2 + y. Hence, the maximal area S max = y when 

n = 3. 

2.61 ^^ Find all positive integer solutions (x, ?/) of the equation 
^V?7 + Vy/x - V2011x - v / 20ll?/ + V2011xy = 2011. 



Solution: The equation is equivalent to ^^^+^^^y-^2Qllx-^2Qlly+^2Qllxy- 

(V2on) 2 = o^^/xy(^+^/y)- v / 2on(^+^)+V2ony^-(V2on) 2 = & 

(^-V20U)(V^+^y+V20U) = 0. 



Since ^fx + y/y + \/2011 > 0, then ^/xy - V2011 = => xy = 2011. Since 2011 is a prime, 
then x = l,?/ = 2011 orx = 2011,y = l. Hence the original equation has two positive integer 
solutions (1,2011), (2011,1). 

2.62 it Xi, x 2 are two roots of the quadratic equation x 2 — [k — 2)x + k 2 + 3k + 5 = where k 
is a real number, find the maximum value of x 2 + x\ . 
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Solution: According to Vietas formulas, we have X\ + x 2 = k — 2, X\X 2 = k 2 + 3k + 5, thus 

x\ + x\ = (xi + x 2 f - 2x x x 2 = (k- 2) 2 - 2(k 2 + 3k + 5) = -(k + 5) 2 + 19. 

Since the equation has real roots, then the discriminant 

A = (k - 2) 2 - 4(k 2 + 3k + 5) > <& 3k 2 + 16k + 16 < => -4 < fc < -§. The function 
/(/c) = — (fc + 5) 2 + 19 is a monotonically decreasing function on the interval [—4, — ^] , thus the 
maximum value is /(— 4) = 18 which is also the maximum value of x\ + x\. 



x 



6 4 



2.63 ^ Solve the equation x -\ 1 = 0- 

4 2 xx 2 



Solution: 



x 



6 4 



-x 



4 2 x x 2 
Let x — 



= <=> x - Qx 



24 16 






= & - -) 2 - 6(x - -) + 8 = 



x 



x 



= y y then y 2 - 6?/ + 8 = O (y - 2){y -4) = 0=>?/ = 2or?/ = 4. 
When y = 2, we have x-| = 2^x 2 -2x-4 = 0^x = l±v / 5. 
When y = 4, we have x-|=4^x 2 -4x-4 = 0^x = 2± 2^2. 
Therefore, the original equation has four roots 1 ± y5, 2 ± 2y2. 



' fotidliMI play. 
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2.64 ^^ m, Tt are positive integers, m ^ n, the equation 

(m — l)x 2 — (m 2 + 2)x + (m 2 + 2m) = and the equation 

(n — l)x 2 — (n 2 + 2)x + (n 2 + 2n) = has a common root. Find the value of . 



mr n + n~ 



Solution: The quadratic formula together with m>l,n>l,m/n gives us the following: the first 
equation has roots x = m, zz ^|, and the second equation has roots x — n, ^J— j-. Since m ^ n, then 
771 = ^zf ^ n = ^zf- Both of these two equalities give us the same result: 

mn — m — n — 2 = <^=> (m — l)(n — 1) = 3. 

Since ttt,, n are both positive integers, then we only have two possibilities: m — 1 = 1, n— 1 = 3 or 
m — 1 = 3, n — 1 = 1, which lead to m = 2, n = 4 or m = 4, n = 2 , thus 

tyy! I— Y) ^^ 

+ = m n ■ n m = 4 2 • 2 4 = 256- 

m n + n m 

2.65 ^^ We usually use [x] to represent the integer part of the real number x, here we define 
{x} = x — [x] which is the decimal part of the real number x. (1) Find a real number x to satisfy 
{x} + {-} = 1 . (2) Show that all x satisfying the equation in (1) are not rational numbers. 

Solution: (1) Let x = m + a, - = n + f3 (m, n are integers, < a, f3 < 1 ). 

{x} + {^} = l<^>a + /3 = l, thus x + ^ = m + a + n + /3 = m + ri + lisan integer. Let 

x + - = fc (fc is an integer), that is x 2 — kx + 1 = whose roots are x = |(fc ± a//c 2 — 4) . 

When |fc| = 2, |x| = 1 which does not satisfy the equation {x} + {-} = 1. 



When \k\ > 3, x = ±(fc ± V& 2 - 4) which satisfies {x} + {±} = 1. 

(2) A; 2 - 4 is not a perfect square (if it is, then A; 2 - 4 = /i 2 , i.e. k 2 - h 2 = 4, but when |fc| > 3 the 
difference between two perfect squares is not less than 5), thus x is an irrational number. 

2.66 jfjf The equation (x 2 — l)(x 2 — 4) = k has four nonzero real roots, and these roots form an 
arithmetic sequence, find the value of k . 

Solution: Let y = x 2 , then the equation becomes y 2 — 5y + 4 — k = 0. Let a, /3 (0 < a < f3 ) are 
roots of y 2 — 5y + 4 — k = 0, then the original equation has four roots ±\/a?, ±V^ . They form 
an arithmetic sequence, then \[]5 — yfa = y/a — (—y/a), then (3 = 9a . In addition, Vietas 
formulas imply a + /3 = 5 , then we can obtain a = ^ , /5 = ^ > thus 4 — fc = a/3 = ^ , therefore 
fc = 4 - - = z 
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2.67 k^^k Given a real number d and \d\ < 1/4, solve the equation 

x 4 - 2x 3 + (2d - l)x 2 + 2(1 - d)x + 2d + d 2 = 0. 

Solution: Rewrite the equation as d 2 + (2x 2 — 2x + 2)d + x 4 — 2x 3 — x 2 + 2x = and treat it a 
quadratic equation for d , then the quadratic formula implies rf = — x 2 — x or d = —x 2 + 3x — 2. 
Both are quadratic equations for x . Solve them to obtain four roots of the original equation: 



x 



l±Vpg -i-v / T 3 4d 3+Vid+T 3-VId+I. Ml these roots exist since \d\ < 1/4. 

9,9,9,9 11—/ 



2.68 j{ Show that the x, y -dependent equation x 2 — y 2 + dx + ey + f = represents two straight 
lines if and only if d 2 — e 2 — 4/ = . 

Proof: The equation represents two straight lines, then we should have 

x 2 -y 2 + dx + ey + f = (x-y + k 1 )(x+y + k 2 ) = x 2 -y 2 + (k 1 + k 2 )x + (k 1 -k 2 )y + k 1 k 2 - 
Make the corresponding coefficients equal: k\ + k 2 = d ) k\ — k 2 = e, k\k 2 = f . The first two 
equations lead to k\ = ^^, k 2 = ^=^> and substitute them into the third equation: d±e m d^e _ £ , 

which is equivalent to d 2 — e 2 — 4/ = . 

2.69 * Solve the equation log 8 (x 2 + l) 3 - log 2 xy + log^ \/y 2 + 4 = 3. 

Solution: 

log 8 (x 2 + 1) 3 - log 2 xy + log^ V?/ 2 + 4 = 3 ^ log 2 (x 2 + 1) - log 2 xy + log 2 (y 2 + 4) = 

3 ^ log2 (£!±l)k!±4) = 3 ^ fe!±i)fe!±4) = 8 

Since x, y ^ , we have 

x 2 y 2 + 4x 2 + y 2 + 4 = 8xy <^> (2x - y) 2 + (xy - 2) 2 = => 2x - y = 0, xy - 2 = 0. 

Solve these two equations to obtain two solutions of the original equation: (1, 2), ( — 1, —2) . 

2.70 * Solve the equation ^/x + yfx + 7 + 2V^ 2 + 7x = 35 - 2x . 
Solution: 



yjx + yjx + 7+2V^ 2 + 7x = 35-2x <=> x + 2^Jx{x + 7)+x + 7+^x + Vx + 7-42 = 
^ ( v /x+VxT7) 2 +( v /x+ v / xT7)-42 = <& (y/x+\/x + 7+7)(Vx+V^ + 7-6) = 0. 



Since yjx + Vx + 7 + 7 > 0, then yjx + \/x + 7 = 6. Squaring both sides to obtain 
2\Jx 2 + 7x = 29 — 2x , and squaring again to obtain 144x = 841, thus x = 841/144 which is the 
root of the original equation. 

2.71 k:^kk: The x -dependent equation x 2 + r p\x\ = qx — 1 has four distinct real roots, show that 

p+ \q\ < -2. 
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Proof: When x > 0, the equation becomes x 2 + (p — g)x + 1 = (i); When x < 0> the equation 
becomes x 2 — (p + q)x + 1 = (ii). We need two positive roots from (i) and two negative roots from 
(ii). Hence, the smaller root of (i) is greater than zero, and the larger root of (ii) is less than zero, that is 
q-p-y/lp-q) ^* > q an d p+q+V(p+q) 2 -4 < Q (obviously both discriminants need to be positive, 

(P - q) 2 - 4 > 0, (p + q) 2 - 4 > 0). Therefore, q — p> ^/(p - q) 2 - 4 > (iii) and 
< a/(p + q) 2 — 4 < — (p + g) (iv). (iii) implies q > p, and since (p — g) 2 — 4 > 0, then 
q — p > 2, then p — q < —2. (iv) implies p + g < 0, and since (p + q) 2 — 4 > , then p + q < — 2 . 
As a conclusion, p + |g| < —2. 



2.72 *** Solve the functional equation f(x) + f(^) = l+x (x ^ 0, x ^ 1 ) (i). 

Solution: Replace x with 2=1 in (i): /(^i) + /(_zL) = 2^1 (ii). Replace x with ^rj in (i): 



f(A) + /(*) = SE? (iii)- (i)+(iiiHi« =► /(a?) 
of the original functional equation (i). 



2x(x-l) 



2x 2 -2x 



I, which is the only solution 
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2.73 ** Solve the equation (V3) tan2x — = 0. 

1 v ; otan2x 



9^3 
3ti 



Solution: Let (V3) tan2x =y (y > 0), then the equation becomes 2/ 

-9^1 = q ^ y^h/3 =Q ^ ?/ 3_ 9 y3 = ^ 2/ = 35/6 ^ (^tanto = 36/6 



tan 2x 5 



tan2x = I => 2x = kn + arctan f (keAf)^x = ^ + ± arctan f (fc e A/"). 



nTT I 1 

Hence, the solution set of the original equation is {x\x = 1 — arctan -, k £ A/*} . 

_ _ o 

2.74 -^ Solve the system of equations 

lg|x + y| = 1, 

Igy-lg|x| = 



log 4 100 



Solution: The system is equivalent to 



which lead to 



\g\x + y\ = lglO, 

igrr = ^^ 



|# + y| = 10, 

y = 2|x|. 



y > is always true since y = 2\x\ and x^0. 
When x > 0, the system becomes 



x + y = 10, 
V = 2x, 



whose solution is x = 10/3, y = 20/3. 
When x < 0, the system become 



x + y = 10, 

y = -2^ 



whose solution is x = — 10,?/ = 20. 

We can verify that (10/3, 20/3), (—10, 20) indeed are solutions of the original system. 
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2.75 * Solve the equation 2x + y/x + y/x + 2 + 2^x 2 + 2x -4 = 0. 

Solution: The equation is equivalent to 

x+2yfx^x + 2+x+2+^/x+y/x + 2-6 = <^> (^x+V^ + 2) 2 +(Vx+V^ + 2)-6 = 0. Let 
2/ = Vx + V^ + 2 (y > 0),then ^ + ^-6 = 0^ (y-2)(y + 3) = 0^y = 2ory = -3 
(deleted). Hence, 

y/x + y/x + 2 = 2 => V^ + 2 = 2-^^^ + 2 = 4- 4^x + £ ^ ^ = 1/2 ^x = 1/4 , 
which is the root of the original equation. 

2.76 ^^ Solve the system of equations 

x + y + z = 3, 
x 2 + y 2 + z 2 = 3, 
x 5 + ?/ 5 + z 5 = 3. 

Solution: x + 2/ + z = 3<=>x + ?/ = 3-z (i), x 2 + y 2 + z 2 = 3 O x 2 + y 2 = 3 - z 2 (ii). 

*y = (^) 2 - (^) 2 = (¥) 2 - (^) 2 ^ W 2 -^ : ^ = ^# - ^ ( iv )- ( m ) & ( iv ) 



2 ; - ITi = V— J ~ V 2 J vm;. w -w- xy 

'3-*\2 _ /a-y\2 _ (3-z) 2 _ 3-^ 2 , o ( _ -, x2 , /< _ „,\2 



2 2 



=► (^) 2 - (^) 2 = ^ - ^ =► 3(z - l) 2 + (x - yf = =► * = 1, x = y • 
Substitute them into (i) to obtain x = y = 1. Obviously x = y = z = 1 satisfies 
x 5 + y 5 + z 5 = 3. Hence, the original system has the solution x — 1, y = 1, z = 1. 

2.77 ** Solve the equation 4x 4 + 12x 3 - 47x 2 + 12x + 4 = 0. 

Solution: Obviously x = is not a root, so we assume x 7^ 0, then we can divide both sides by x 2 : 
4x 2 + 12x-47+ - + 4 = 0,then4(x 2 + 4) + 12(x + 1 ) - 47 = (i).Let x + ± = 2/, then 

Jb Jb ^ Jb ' ^ Jb ' Jb 

£ 2 + 4r =« 2 -2. 

Substitute them into (i) to obtain 4(« 2 - 2) + 12m - 47 = => 4m 2 + 12m - 55 = => u = 5/2 
or u = -11/2. When u = 5/2, x + ± = f^2x 2 -5x + 2 = 0^>x = 2orx = 1/2. When 
u = -11/2, x + \ = -^ => 2x 2 + llx + 2 = => x = ~ lld= 4 ^™ . Hence, the original equation 
has four roots: x = 2, x = 1/2, x = ~ ll +f^ : x = -n-VI^ 



2.78 ** Solve the equation v'lO - 2x + \/2x - 1 = 3. 

Solution: Let ^10 - 2x = a, \/2x - 1 = 6 , then a + 6 = 3. ^10 - 2x = a =► a 3 = 10 - 2x 
(i). v / 2l r ^I = 6 => 6 3 = 2x - 1 (ii). (i)+(ii)=> a 3 + 6 3 = 9 =* (a + 6)(a 2 - a& + 6 2 ) = 9 =* a 2 - a& + b 2 = 3 
(iii). Substitute a = 3 - b into (hi): (3 - bf - (3 - 6)6 + b 2 = 3 =>- b 2 - 36 + 2 = =>- 6 = 1 or 
6 = 2. 

When 6= l,(ii)=^ x = 1. 
When 6 = 2, (ii)=> x = 9/2. 

We can verify that x = 1, x = 9/2 are indeed two roots. 
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2.79 ^k^k The real coefficient equation x 3 + 2kx 2 + 9x + 5k = has an imaginary root whose 
modulus is v5, find the value of k and solve the equation. 

Solution: The equation should have two imaginary roots and one real root: a ±bi,c. Vieta's formulas 
and the modulus v 5 lead to 

a + bi + a — bi + c = —2k 
(a + bi)(a — bi) + (a + bi)c + (a — bi)c = 9 

(a + bi)(a — bi)c = —5k 
a 2 + b 2 = 5 



2a 

a 2 + b 2 + 2ac 

(a 2 + b 2 )c 

a 2 + b 2 



c = -2k 



-5k 



= 5 



=>- a = ±1, b = ±2, c = ±2, k = ±2. 

When k = 2 , the equation becomes £ 3 + 4a; 2 + 9x + 10 = and its roots are £ = — 1 ± 2i, x = —2. 

When A: = —2, the equation becomes x 3 — Ax 2 + 9x — 10 = and its roots are x = 1 ± 2z, x = 2. 
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2.80 * Solve the equation x + log 9 3 X = log 9 (4 - 5 • 9 X ) . 

Solution: The equation is equivalent to log 9 9 X + log 9 3 X = log 9 (4 — 5 • 9 X ) =^> log 9 3 3x = 
log 9 (4 - 5 • 9 X ) => 3 3x = 4 - 5 • 3 2x . Let 3 X = y , then the equation becomes 
y 3 + by 2 - 4 = =>> y 3 + y 2 + 4y 2 - 4 = => (y + 1) (y 2 + 4y - 4) = => y = -1 or 
2/ = -2(1 + y/2) or y = 2(v / 2- 1). Since y = 3* > 0, then y = -l,y = -2(1 + \/2) are 
incorrect. Hence, y = 2(^2 - 1) => 3 X = 2(^2 - 1) => x =log 3 2(^2 - 1), which is the only 
root. 

2.81 j{j{j{ Solve the system of equations 

4x 2 



l+4x 2 

4y 2 
l+4y 2 

4z 2 
l + 4z 2 



2/, 



x. 



Solution: Obviously x>0,y>0,z>0. The first equation together with 

1 + 4x 2 = (1 - 2x) 2 + 4x > 4x leads to y = j^r < ^ = x . Similarly the second and the 
third equations lead to z < y, x < z . Hence, x = y = z, then j^2 = £ => 4x 3 - 4x 2 + x = 
=^ x(2x - l) 2 = => x = or x = 1/2. Therefore, (0, 0, 0), (1/2, 1/2, 1/2) are the solutions. 

2.82 *** Find all distinct real roots of the equation (x 3 - 3x 2 + x - 2)(x 3 - x 2 - 4x + 7) 
+ 6x 2 - 15x + 18 = 0. 

Solution: Let A = x 3 — 2x 2 - §x + |, B — x 2 — \x + |, then the equation becomes 

(A - B)(A + B)+6B-9 = 0^A 2 -(B-3) 2 = 0^(A + B- 3)(A -B + 3) = 

0^ A + B -3 = or A- B + 3 = 0. 

If,4 + S-3 = 0,thenx 3 -x 2 -4x + 4 = 0^ (x - l)(x-2)(x + 2) = => x = 1 or 

x = ±2. 

If A - 5 + 3 = 0, then x 3 - 3x 2 + x + 1 = => (x - l)(x 2 - 2x - 1) = => x = 1 or 

x = l±\/2. 

As a conclusion, the equation has four distinct real roots: x — 1, x — ±2, x = 1 ± y 2. 

2.83 ^^^ If a, &, c are real numbers, ac < 0, v2& + y3b + v5c = 0, show the quadratic equa- 
tion ax 2 + bx + c = has a root within the interval (| , 1) . 
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Proof: Let f(x) = ax 2 + bx + c , then /(f) ■ /(l) = (^a + \b + e)(a + b + c) = ^(9a + 126 
+ 16c) (a + b + c) . Since y^a + V3b + a/5c = 0, b= Whp/lk > then 
(9a + 126 + 16c) (a + 6 + c) = (9a - 4x/6a - 4a/15c + 16c) (a - ^a - ^c + c) = 
[(781 - V96)a + (^256 - V240) c ][^a + §^ c ] = c 2 [(a/81 - V96)f + (a/256 - 
\/240)][ 3 ~^- + 5zVH] < o, thus /(|) • /(l) < , which implies that one root is within (|, 1) . 

2.84 itjfjt The real numbers a, b satisfy 

ax + by = 3, 

ax 2 + by 2 = 7, 

ax 3 + by 3 = 16, 

ax 4 + fa/ 4 = 42, 
compute ax 5 + a?/ 5 and x, y . 

Solution 1: We have (ax + 6y)(x + y) = ax 2 + axy + 6xy + by 2 = (ax 2 + 6y 2 ) + (a + 6)xy ; 
(ax 2 + by 2 )(x + y) — ax 3 + ax 2 y + 6xy 2 + 6y 3 = (ax 3 + 6y 3 ) + (ax + by)xy ; 
(ax 3 + by 3 )(x + y) — ax 4 + ax 3 y + 6xy 3 + by 4 = (ax 4 + by 4 ) + (ax 2 + by 2 )xy; 
(ax 4 + by 4 )(x + y) — ax 5 + ax 4 y + bxy 4 + 6y 5 = (ax 5 + by 5 ) + (ax 3 + by 3 )xy . 
Substitute the given equations into them: 

3(x + y) = 7+(a + b)xy (i), 

7(x + y) = 16 + 3xy (ii), 

16(x + y) = 42 + 7xy (iii), 

42(x + y) = (ax 5 + 6y 5 ) + 16xy (iv). 

(ii) x7— (iii) x3: x + y = —14, substitute it into (ii): xy = —38. Substitute 
x + y = -14, xy = -38 into (iv): ax 5 + by 5 = 42(-14) - 16(-38) = 20. 
In addition, x + y = —14, xy = —38 =^> x = — 7 — a/87, y = — 7 + a/87 or 
x = -7 + a/87, y = -7- \/87. 

Solution 2: Let a n = ax n + 6y n , then a\ = 3, a 2 = 7, a 3 = 16, a^ = 42. Let x, y be the two roots 

of the quadratic equation t 2 — pt — q = 0, then x 2 — px — q = =^> ax n+2 = pax n+1 + qax n . 

Similarly, 6y n+2 = pby n+1 + g6y n . Add them up to obtain ax n+2 + by n+2 = p(ax n+1 + 6y n+1 ) 

+ q(ax n + 6y n ) =>> a n+2 = pa n +i + <?« n . 

When n = 1 , 7p + 3g = 16. 

When n = 2, 16p + 7<? = 42. 

Solve 7p + 3q = 16 and 16p + 7q = 42 to obtain p = —14, q = 38, thus a n+2 = — 14a n+ i + 38a n . 

Hence, ax 5 + bx 5 = a 5 = -14 x 42 + 38 x 16 = 20. 

Substitute p = -14, q = 38 into the equation x 2 - _px - q = 0: r 2 + 14x - 38 = => x = -7 ± \/87. 

Substitute p = —14, q = 38 into the equation t 2 — pt — q = 0: t 2 + 14t — 38 = 0. Since x, y are 

the two roots, then Vietas formulas imply x + y = — 14, thus y = — 14 — x = — 7=F v87- Hence, 

the system has two solutions: (-7 + \/87, -7 - v / 87), (-7 - \/87, -7 + a/87). 
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2.85 ** Given f(x) = lg(x 2 + 1), solve the equation f(100 x - 10 x+1 ) - /(24) = 0. 

Solution: The function f{x) = lg(x 2 + 1) has the domain (— oo, +oc) , and it is decreasing on 

(— oo, 0) and increasing on (0, +oc). In addition, it is an even function. Hence, 

/(100* - W x+1 ) - /(24) = <& f(W0 x - 1(F +1 ) = /(24) <& 100 x - 1(F +1 = ±24. 

When 100 x - 10 x+1 = 24, we have (10 x ) 2 - 10 • W x - 24 = => (W x + 2)(10* - 12) 
= => 10* = 12 => x = lg 12 since 10* + 2 > 0. 

When 100* - 10* +1 = -24,wehave (W) 2 - 10 • W + 24 = => (W - 4)(10* - 6) = =* 10* = 4 
or 10 x = 6 =^> x = lg4 or x = lg6. Therefore, the original equation has three roots: 
x = lg 12, x = lg4, x = lg 6. 

2.86 ^^^ The equation x 4 + ax 3 + 6x 2 + ax + 1 = has at least one real root, where a, b are 
real numbers. Find the minimum value of a 2 + b 2 . 
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Solution: x = is not a root, so we assume x 7^ and divide both sides by x 2 to obtain 

(x + \f + a(x + ±) + 6 - 2 = (i). (x + \f = x 2 + 2 + £ = (x - \f + 4 > 4, thus 
|# + ^ I > 2 . Let y = x + ^ , then (i) becomes y 2 + ay + b — 2 = (\y\ > 2) (ii). (ii) needs to have 
a real root and \y\ > 2, then ||| + | V" 2 -« h -*) | > | -g± ^-4(6-2) | ^ 2? thus 

^/a 2 — 4(6 — 2) > 4 — \a\ . Now we are ready to find the minimum value of a 2 + b 2 . Without loss 
of generality assume a > . 



(1) When a < 4, we have y/ 'a 2 - 4(6 - 2) > 4 - a > 0, taking square to obtain 2a > b + 2. When 
6 + 2 > 0, 6 > -2, 4a 2 > 6 2 + 46 + 4, then a 2 + 6 2 > \{b 2 + 46 + 4) + 6 2 = |(6 + |) 2 + f . 
Hence, a 2 + 6 2 has the minimum value | when 6 = — |. When 6 + 2 < 0, 6 < — 2, then 
a 2 + 6 2 > 6 2 > 4 > §. 

(2) When a > 4, we have a 2 + 6 2 > a 2 > 16 > §. 

As a conclusion from (1)(2), a 2 + 6 2 has the minimum value ^. 

2.87^^^^ If a, 6 are distinct prime numbers, showthex, y -dependent equation ^fx + ^Jy = yab 
has no positive integer solution. 

Proof: We prove the result by contraction. Assume the equation has a positive solution x, y such that 
\fx + sjy = Vo6 holds. Taking square to obtain x + y + 2y / xy = a6 , thus y/xy is a rational 
number. £7/ is a positive integer whose square root is either a positive integer or a irrational number. 
Hence, y / xy has to be a positive integer. 



On the other hand, multiply ^Jx + y/y = va6 by y^ : x + y/xy = yabx ,thus yabx is a positive 
integer. Since a, 6 are distinct prime numbers, then x = abt 2 , t E M . Same logic follows for y: 
2/ = a6s 2 , s E JV . Therefore, ^fx + ^fy = Vab becomes \fab{t + s) = \fab =^ t + s = 1, a 
contradiction to £ + 5 > 2 . As a result, y^ + y^ = yab has no positive integer solution. 



2.88 ^k^k^k The real numbers x, y, z satisfy the equations 

x + y + z = 2, 
xyz = 4. 

( 1) Find the minimum value of the largest one of x, y ) z; (2) Find the minimum value of |x| + |y| + |z|. 

Solution: (1) Without loss of generality, assume x is the largest one among x, y, z , that is, x > y,x > z. 
The first equation implies that x > and y + z = 2 — x , and the second equation implies yz = -> 
thus y, z are the two roots of the quadratic equation u 2 — (2 — x)?i + | = 0. The discriminant 
A = (2-x) 2 -4-^ >0^x 3 -4x 2 + 4x-16 >0^ (x 2 + 4)(x-4) >0^x-4>0^x>4. 
Hence, x = 4 is the minimum value of the largest one of x, y, z . At this time, y = z = — 1 . 
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(2) Since xyz > 0, then x,y,z are all positive, or they are one positive two negative. 

If x, y, z are all positive, (1) implies x > 4, a contradiction tox + y + z = 2. 
VLx,y,z are one positive two negative, without loss of generality we assume x>0,y<0,z< 0, then 
\x\ + \y\ + \z\ = x — y — z = x — (y + z) = x — (2 — x) = 2x — 2. (1) implies x > 4, thus 
2x — 2 > 16.x = 4,y = z = — 1 satisfy all conditions and the equal sign is obtained in the inequality 
Hence, the minimum value of \x\ + |y| + \z\ is 6. 

2.89 ^^^ a, 6, c are nonzero real numbers, solve the system of equations 

(x + y)(x + z) = a 2 , (i) 
(y + z)(x + y) = b\ (ii) 
(x + z)(y + z) = c 2 . (iii) 

Solution 1: (i) X (ii)/(iii), (i) X (iii)/(ii), (ii) X (iii)/(i) => 



{x + yf 
(x + zf 
(V + zf 



a 2 b 2 

c 2 
a 2 c 2 

b 2 
b 2 c 2 

a 2 



x + y = 


ab 
c 


(iv) 


x + z = 


ac 
b 


(v) 


7/ + Z = 


- ±* 


(vi) 



[H + (v) - (vi)]/2 =► x = ± a2b2+ £f c - b2c2 ■ 
[(iv) + (vi) - (v)]/2 =► |/ = ± a2b2+ £!- a2c2 . 



[(v) + (vi) - (iv)]/2 =► * = ± 



2abc 

a 2 c 2 +b 2 c 2 -a 2 b 2 
2abc 



Obviously (iv)(v)(iv) should have the same sign on the right hand side. Hence, the original system has two 

enlntmne- ( ^ 2 Wc 2 -b 2 c 2 a 2 b 2 +b 2 c 2 -a 2 c 2 a 2 c 2 +b 2 c 2 -a 2 b 2 \ ( a 2 b 2 +a 2 c 2 -b 2 c 2 a 2 b 2 +b 2 c 2 -a 2 c 2 a 2 c 2 +b 2 c 2 -a 2 b 2 \ 

solutions. ^ 2abc , 2abc , 2abc ) ) \ 2abc , 2abc , 2abc ). 
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Solution 2: (i) x (ii) x (iii): (x + y) 2 (x + z) 2 {y + z) 2 = a 2 b 2 c 2 =^> (x + y)(x + z)(y + z) = ±abc 
(iv). (iv)/(i),(iv)/(ii),(iv)/(iii) ^y + z = ±^,x + z = ±f,x + y = ±f. The right hand side 
should have the same sign, thus 

be 

y + z 



or 





a 


X + z = 


ac 
~b 


x + y = 


ab 

c 


y + z = 


be 
a 


X + z = 


ac 
~~b 




ab 



x + y 



They lead to the two solutions same as Solution 1. 



2.90 **** Nonnegative real numbers x,y,z satisfy ^x+9y+4z _ gg x 2 v / ^+^+4^ + 2 56 = . 
Find the maximum and minimum values of x + y + z . 
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Solution: Let 2^ 5x+9 *' +4 * = t , then t 2 - 68* + 256 = => (t - 4)(t - 64) = => t = 4 or 
£ = 64. 

When t = 4, 2^ 5x+9 ^ +4z = 4 = 2 2 => ^ + 9y + iz = 2 => 5x + 9y + 4z = 4. 

When £ = 64, 2^ 5x+9 ^ +4z = 64 = 2 6 => ^5x + 9y + 4z = 6 => 5x + 9y + 4z = 36. 

Since x, ?/, z are nonnegative real numbers, 4(x + ?/ + z) < 5x + 9?/ + 4z < 9(x + ?/ + z) . 

When 5x + 9y + 4z = 36 , x + y + z < 9, thus x + y + z has the maximum value 9, which can be 
obtained when x — y — 0,z — 9. 

When 5x + 9y + 4:Z = 4:,x + y + z> 4/9, thus x + y + z has the minimum value 4/9, which can 
be obtained when x — z — 0, y = 4/9. 

2.91 **** Solve the equation x 3 - [x] = 3. 

Solution: x — [x] + {x} =4> [x] = x — {x}, then the equation is equivalent to 
x 3 - (x - {x}) = 3<^>x 3 -x = 3- {x} . Since < {x} < 1, then 2<x 3 -x<3<^>2< 
(x - l)x(x + 1) < 3 (►&). When x < -1, (x - l)x(x + 1) < 0, (►$<) has no solution. When 
x > 2, x 3 - x = x(x 2 - 1) > 2(2 2 - 1) = 6, (*) has no solution. When 1 < x < 2, [x] = 1, 
then the original equation becomes x 3 — l = 3=^x 3 = 4=^x = y 4, which is the root of the original 
equation. 

2.92 **** The x -relevant equation (a 2 - l)(^r) 2 - (2a + 7)(^j + 1 = has real roots. (1) 
Find the range of the parameter a . (2) If the equation has two real roots X\ , X2, and -^zj + ^rr = n > 
find the value of a . 

Solution: (1) Let ^rj = * , t ^ 1, then the equation becomes (a 2 - l)t 2 - (2a + 7)t + 1 = 0. 
When a 2 — 1 = 0, a = ±1, the equation is equivalent to —9t + 1 = or — 5t + 1 = 0, thus 

11 1t1 1 1t1 

t = g or t = 5. When £ = g, — [ = 9 whose root is x = — g. When t — ^, — [ = 5 whose root 
is x = — j. Hence, the original equation has real roots when a = ±1. 

When a^±l, the equation (a 2 — l)t 2 — (2a + 7)t + 1 = has real roots if and only if 
A = (2a + 7) 2 - 4(a 2 - 1) = 28a + 53 > which implies a > -§§.Whena = -§, the equation 
(a 2 — l)t 2 — (2a + 7)t + 1 = has two identical roots which are not one. Hence, when a > — ^0, 
the original equation has real roots, that is, the range of a is [— 1|, +00). 

(2) Since ^zj, ^b[ are the two roots of (a 2 - l)t 2 - (2a + 7)t + 1 = 0, Vietas formulas imply 
-J*i- + -J*a_ = 2o±7. On the other hand, we have rf^r + zrzr = £,thus j|§4 = A => 3a 2 - 22a 
-80 = ^ (a- 10)(3a + 8) = ^a = 10ora = -|. Since a > -§§,thena = lOistheonly 
possibility. 
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2.93 ititit Solve the equation 2 log x a + log ax a + 3 log a 2 x a = 0. 

Solution: If a = 1 , then the equation becomes 6 log x 1 = whose solution set is x > but x^l. 



log a o+log a x 



If a > Obuta^ l,thenx > 0, x ^ 1, x ^ ±, x ^ ^,andlog x a = j^,log ax a 
i+iog a x' lo ga 2 ^ a = 2io ga a+k)g a x = 2+io ga x • ^ original equation is equivalent to 
r^- + ttt 1 — + ott — = 0. Let t = log a x , then 2 + ^ + ^ = Q y 2 +m+4 = Q 

log a x ^ l+log a x ^ 2+log a x w toa ' t -T 1+t -T 2+t u -^ t ( 1+t )( 2+ t) U 

=* 6£ 2 + lit + 4 = =* (3t + 4)(2t + 1) = => t = -f or t = -§. When t = -§, then 
log a x = — | ^> x = a~3. When £ = — |, then log a x = — | =^> x = a~2. it is not difficult to verify 
that x = a~s 5 x = a~2 are roots of the original equation. 

2.94 k^^k^k The coefficients of the last three terms of the expansion of (x gx + l) n are positive integer 
roots of the equation 3 y • 9~ 10y • 81 -11 = 1. The middle term of the expansion is the root of the 
equation 3y^y = 0.1" 2 + \/2rn y find the value of x . 

Solution: 3 y2 '9~ 10y SI' 11 = 1 «=> 3 y2 ^3~ 2Qy -3~ AA = 3° => y 2 -20y-44 = => (y + 2)(y-22) = 
=>■ y = —2 or 1/ = 22 . We only need positive integer roots, so y = 22 . The coefficients of the last 
three terms are C£" 2 + Q" 1 + C™ = 22, then C 2 + C^ + l = 2 => ^^ + n = 21 =* n 2 + n-42 
= => (n + 7)(n-6) = ^n = 6 since n + 7 > 0. 



3-y/f = 0.1~ 2 + V2m ^ |V2m = 100+ V2m => V2m = 200 => m = 20000. Since n = 6, 

the middle term of the expansion is T 4 = Cf (x lgx ) 3 = fffff (> lgx ) 3 = 20x 31gx . According to the 

condition of the problem, we have 20x 31gx = 20000 =^ x 31gx = 1000 => lgx 31gx 

= lglOOO => 3(lgx) 2 = 3 => lgx =±1 ^x = 10orx = 1/10. 

2.95 k^^k^k^k Let p be an odd prime number, find all positive integer roots of the equation 

% 2 = y(y + p). 

Solution: x 2 = y(y + p) <£=> (x + y){x — y) = py . Since p is a prime number, we have p\x — y or 
p|x + y . If p\x — y , then x — y > p (note that x > y), thus we should have x + y < y , impossible. 
Thus p\x + y. Let x + y = pn (i), where n is a positive integer, then the original equation becomes 
n(x — y) = y ,thusn|y andx = ^^y.Hence,^ + y = ^7% (ii).(i)&(ii)leadto(2n + 1)?/ = n 2 p. 
Since (n 2 , 2n + 1) = 1, we have n 2 \y . (2n + 1)^- = p and p is a prime, thus \ — 1, then 
p = 2n + 1 =► n = 2=±, then y = n 2 = (^) 2 , x = 2±iy = ^n 2 = n(n + 1) = *=i "*? = ^r • 
Therefore, the original equation has only one positive integer root: x = ^2~, y = (^~) 2 - 
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2.96 ^k^k^fit Consider the real coefficient equations 



ax\ + bx\ + c 

4 



ax\ + bx 2 + c 



aX n-l + bx n _i + C 



X 2 
X 3 

x n 



where a^O, show that when A = 
Proof: The system is equivalent to 



ax 2 n + bx n + c = X\ 
- I) 2 — 4ac = 0, this equation system has a unique solution. 



ax\ + (b — l)xi + c = x 2 — X\ 

ax\ + (b — 1)#2 + c = Xs — x 2 

&% n —l \ \0 LjX n —i -\- C = X n X n —i 

VAJiXj r^-. | I \J A- I %Xj nrt I \s «xy 1 "^ 77. 
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and we can observe that A = (b — l) 2 — 4ac is the discriminant of the quadratic equation 
ax 2 + (b — l)x + c = 0. When A = 0, ax 2 + (b — l)x{ + c is a perfect square, i.e. 
ax 2 + (b- l)xi + c = a(xi + b -^f (i = 1,2,3, ••• ,n).If a < 0,then a{x { + ^) 2 < 0,thus 
^2 — ^i ^ 0, X3 — X2 < 0, • • • , x n — x n _i < 0, Xi — x n < 0, which is equivalent to 
#1 > x 2 > ^3 > ' ' ' > ^n-i > x n > ^l .Hence, we can onlychoose equal sign in all these inequalities, 
that is, X\ = X2 = x% = • • • = x n = ^-. If a > 0, same logic follows to obtain 
X\ = X2 = x% = • • • = x n = ^- . As a conclusion, the equation system has a unique solution when 
A = 0. 



2.97 ***** Given /(l) = \ and when n > 1 , f -^ = ^fegf 1 , find f(n) 



Solution: Multiply ^ = 2n {%^ by /(n)[l - 2/(n)] to obtain /(n - 1) - 2/(n - l)/(n) 
= 2nf(n - l)/(n) + /(n), which is equivalent to f(n - 1) - /(n) = 2(n + l)f(n)f(n - 1). 
Divide both sides by f(n)f(n — 1) to obtain -tt-t — 77 ^ = 2(n + 1). Replace n with 2, 3, • 



/(n) /(n-l) 



,n 



successr 



ively to obtain /(2 ) /(1) - 2 x 3, /(3) /(2) - 2 x 4, • • • , /(n) /(n _ 1) - 2(rc + 1). 



Add them up to obtain j^ - j^ = 2 [3 + 4 + ■ ■ ■ + (n + 1)] = 2 x C^+iX"" 1 ) 
(n - l)(n + 4). Hence, 7R = Tm + ( n ~ !)( n + 4) = 5 + n 2 + 3n - 4 = n 2 + 3n + 1. 



As a conclusion, f{n) = 



/(n) ~ /(i) 
1 



n 2 +3rc+l 

2.98 **** Solve the equation \{a x + a~ x ) = m . 

Solution: Multiply the equation by 2a x and reorganize it to obtain a 2x — 2ma x + 1 = . Let t = a x 
(t > 0), then t 2 - 2mt + 1 = 0. When A = 4m 2 - 4 > 0, i.e. m > 1 or m < -1, the t 
-dependent equation has real roots: t\ = m — \/m 2 — 1, t<i — m + \/m 2 — 1 . If m = 1, then 
£1 = £2 = 1> thus a x = 1, the original equation has a unique root x — 0. If m > 1, 
m + Vm 2 — 1 > m — \/m 2 — 1 > , then a x = m ± Vm 2 — 1, that is, the original equation has 
two distinct real roots: x = log a (m ± \Jm 2 — 1) . If m < 1, since |ra| > Vm 2 — 1, then 
m < —\Jm 2 — 1, then m — V^ 2 — 1 < m + \Jm 2 — 1 < 0. a x = m ± V^ 2 — 1 has no 
solution since a x > . As a conclusion, when m < 1 , the original equation has no root; when m — 1 , 
the original equation has a unique root x = 0; when m > 1, the original equation has two distinct 
roots x = log a (m ± \Jm 2 — 1) . 

2.99 **** Solve the system of equations 

x 4 + y 2 + z = 18 

2 1/2 

x y — yz ' = —3 

z l ' 2 x 2 = 4 
to obtain real solutions. 
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Solution: Let x 2 = u, y = v : z 1 ' 2 = t , then the system becomes 



2 , 2 
U + V 



t 2 = 18 (i) 



uv — vt = —3 (ii) 
ut = 4 (iii) 

(i)+(ii) x2-(iii) x2: u 2 +v 2 +t 2 + 2(uv-vt-ut) = 4 <^> (^x+^ — t) 2 = 4 => u+v-t = ±2 => 
tz— £ = —^±2, substitute it into (ii): ^ 2 ± 2^; — 3 = whose roots are v = ±1 or v = ±3 . Substitute 
the values of v into (ii) (iii): 

u — t — —3 

ut = 4 
£ — ^ = —3 

nt = 4 

3^ — 3t = —3 

ixt = 4 

3t — 3^ = —3 

ix* = 4 

Solve them to obtain ( u , v, t) = (1, 1, 4), (-4, 1, -1), (4, -1, 1), (-1, -1, -4), 

f vTf-i o a/17+i n / yTr+i o >/i7-i \ f ^Hi _q VTt-i a / >/i7-i _o v^+i \ Notice that the 

V 2 ' ' 2 /'v 2 ' ' 2 ''V 2 ' ' 2 /' v 2 ' ' 2 ' 

second, fourth, sixth, eighth solutions have negative u = x 2 which is impossible, therefore all 
possible solutions of the original system are 



±1 
1 
16 



±2 
-1 
1 



± 



J 



vTr-i 

2 

3 

9+yTf 

2 



± 



J 



vTr+i 

2 

-3 

9-V17 



2.100 k^^k^k^k Find the polynomial p(x) defined on a set of real numbers such that p(0) = and 

p(x 2 + 1) = [p(x)] 2 + 1. 

Solution: Let x = and substitute into p(x 2 + 1) = [p(x)] 2 + 1 to obtain p(l) = [p(0)] 2 + 1 = 1 
since p(0) = 0. Choose x = 1, 2 to obtain p(2) = [p(l)} 2 + 1 = 2,p(5) = [p(2)} 2 + 1 = 5. Keep 
going, we have p(26) = [p(5)] 2 + 1 = 26, p(26 2 + 1) = [p(26)} 2 + 1 = 26 2 + 1, • • • . Hence, the 
equation p{x) — x = has infinitely many roots: 0, 1, 2, 5, 26, 26 2 + 1, • • • . Since p{x) — x is a 
polynomial, p(x) — x = always holds, that is, p(x) = x . 
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3 Inequalities 



3.1 Determine the order of the numbers g, log 5 2 



2 

' 5* 



Solution: $ - log 5 2 = f - js| = Iksj^ = te§^ = 1*625 ig 512 Q fe | > } 2 

9 oo 9 lg5 91g5 91g5 91g5 ' 9 OJ) 

W, 2 - | = j&| - | = 51 ^r 2 ^ 5 = k»dfi26 > ,thus log 5 2 > |. Hence, | > log 5 2 > | 



51g5 



51g5 



5 — lg5 5 

3.2 Solve the inequality ^ < logg A x < 1. 

Solution: ^ < logg x x < 1 ^> 1 < log 0>1 x < ^ or — 1 < log A x < — ^ =^> 0.1 < x < \Z0A 
or ^10 < x < 10. 

3.3 a, 6, c, d are positive numbers, show yjifl + c){b + rf) > va6 + vcrf . 



Proof: ad + be > 2 V abed O ad + be + ab + cd > ab + 2 V abed + cd O (a + c)(b + d) > 
(Vab + Vcd) 2 <& ^(a + c)(b + d) > Vab + y/cd since a, b,c,d> 0- 
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3.4 ir Given —l<u + v<l,l<u — 2v<3, find the range of 2u + 5v . 

Solution: Let 2u + 5v = Ai(u + v) + X 2 (u - 2v) = (Ai + X 2 )u + (Ai - 2A 2 )^ , 
then Ai + A2 = 2 and Ai — 2A2 = 5. Solve them to obtain Ai = 3, A2 = — 1 . 
Hence, 2u + bv = 3(u + v) - l(u - 2v) e [(-1) x 3- 3, 1x3-1] = [-6,2]. 



3.5 Given \h\ < f, |fc| < |,show \2h - 3k\ < s. 



Proof: \h\ < I <=> -| < h< I ^> -| < 2h< §. 
M < I <=> -I < fc < I ^ -f < 3/c < |. 

116 6 6 2 2 

Hence, — e < 2/i - 3k < e <^> \2h - 3k\ < £ . 



3.6 Show the inequality 5 " 4 ' § Too ^ To* 

Proof: \ < §, § < § , • • • , § < §§, ^ < gj. Multiply all these inequalities: § • § § • ^ < 

2 4 98 100 Ayr u- 1 4.U- • w u 1 3 97 99 /l 3 97 99 \2 / 1 

3 ' 5 99 ' Tor Multiply this inequality by ~ 2 • j 98 • Too : (2 ' 4 98 ' Too) < Tor 

13 97 99 1 1 

Take the square root to obtain 2*4 98 ' Too ^ "TToT To- 



3.7 Solve the inequality lg(x 2 - x - 6) < lg(2 - 3x). 

Solution: The inequality holds if and only if 

x 2 — x — 6 > 



x 



2-3x > 





2 — x — 6 < 


2-3x 


x < — 2 or 


x > 3 


X < 3 





-4 < x < 2 
=4> — 4 < x < — 2, which is the solution of the original inequality. 

3.8 it a,b are real numbers and a 3 + b 3 = 2 , show a + 6 < 2. 

Proof: Suppose a + b > 2, then b > 2 - a => b 3 > (2 - a) 3 = 8 - 12a + 6a 2 - a 3 => 
a 3 + b 3 > 8 - 12a + 6a 2 = 6a 2 - 12a + 6 + 2 = 6(a - l) 2 + 2 > 2 , a contradiction to 
a 3 + b 3 = 2 . Hence, a + 6 < 2. 
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3.9 The rational numbers a, 6, c, d satisfy d > c (i), a + b = c + d (ii), a + d < b + c (iii), deter- 
mine the order of these four numbers. 

Solution: (i) ^b + d>b + c. This together with (iii) implies a + d < b + d , thus a < b . (iii)-(ii) 
^ d — b < b — d ^ d < b . (ii) ^ b — d = c — a , since 6 — d > 0, then c — a > 0, i.e. c > a . 
As a conclusion, we obtain the order a < c < d < b . 

3.10 If the inequality ax 2 + bx — 6 < has the solution set {x| — 2 < x < 3}, find the values of a 
and b . 

Solution: The condition implies that the equation ax 2 + bx — 6 = has two roots x = — 2, x = 3. 
Vietas formulas imply 

~ a 

-2 + 3 = -- 

6 

(-2) x 3 = -- 
a 

from which we can obtain a = 1 , 6 = — 1 . 

3.11 Given 2x + 6y < 15, x > 0, y > 0, find the maximum value of 4x + 3y . 

Solution: 2x + 6y < 15 <^> y < ^^ = § - \x , thus 4x + 3y < 4x + ^ - x = 3x + ^. 

£/>()=>!- |:r>0=>:r<Y- Hence, 4x + 3y < 3 x ^ + ^ = 30, which implies that the 
maximum value of 4x + 3y is 30. 

3.12 -k Given (m + l)x 2 — 2(m — l)x + 3(m — 1) < 0, find all real values of m such that the 
inequality has no solution. 

Solution: The inequality has no solution if and only if 

A = 4(ra- l) 2 - 12(ra+l)(ra-l) < 

771+ 1 > 



m 2 + m - 2 > 
m + 1 > 

m < —2 or m > 1 
m > — 1 

=> m > 1. 
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3.13 The inequality ^Jx > ax + | has the solution set {x|4 < x < b) , find the values of a and b . 

Solution: y^z > ax + | <^4> a(v^r) 2 — yjx + | < 0. The solution set {x|4 < x < b} is equivalent 
to {x\2 < yjx < Vb} . Vietas formulas imply 

2 + Vb = - 



a = i 6 = 36. 



2^6 = - 
2a 

a > 



3.14 If the inequality x 2 — ax — 6a < has solutions, and the two roots X\ , X2 of x 2 — ax — 6a = 
satisfy \x\ — x^\ < 5. Find the range of the real number a . 

Solution: The inequality has solutions if and only if A = a 2 + 24a >0<^>a>0ora< —24. Vietas 
formulas imply 

X\ + X2 = a 
X\X2 = —6a 
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\xi — x 2 \ = \f{x\ — x 2 ) 2 = \f{x\ + x 2 ) 2 — ^X\X 2 = \/a 2 + 24a < 5, that is 
a 2 + 24a - 25 < => (a + 25)(a - 1) < => -25 < a < 1. 
As a conclusion, a has the range: — 25 < a < — 24 or < a < 1. 

3.15 *IfO<a<l,0<6<l,0<c< 1, show it is impossible that (1 - a)6, (1 - b)c : (1 - c)a 
are all greater than 1/4. 

Proof 1: We prove the conclusion by contraction. Suppose (1 — a)b > j, (1 — b)c > j, (1 — c)a > \. 
Multiply them to obtain abc(l - a)(l - 6)(1 - c) > ^. On the other hand, 

< (1 _ a ) a < [i-o+a]2 = l, similarly we have < (1 - b)b < ±, < (1 - c)c < |- Multiply 
them to obtain abc(l — a)(l — 6)(1 — c) < ^, a contractions. 

Proof 2: Since < a < 1, < b < 1, < c < 1, we let a = sin 2 a, b = sin 2 /?, c = sin 2 7, then 

(1— a)b-(l— b)c-(l— c)a = abc{l—a){l—b){l—c) = sin 2 a sin 2 (3 sin 2 7 cos 2 a cos 2 /? cos 2 7 = 

— sin 2 2a sin 2 23 sin 2 2^y < — > thus it is impossible that (1 — a) 6, (1 — 6) c, (1 — c) a are all greater 

64 ^ ' — 64 

than 1/4. 

3.16 If -1 <x< 1,-1 <y < l.show |gj| < 1. 

Proof: |^±£| < 1 <£> (g^) 2 < 1 & (x + yf < (1 + xyf & x 2 + y 2 < 1 + a; 2 ?/ 2 O 
(x 2 — 1)(1 — y 2 ) < 0, which is obviously valid since —1 < x < 1,-1 < y < 1. 

3.17 ** Given /(x) = lg 1 + 2a +°- 4 ' (aeR), (1) /(x) is well defined when x < 1, find the range 
of a, (2) if < a < 1, show 2/(x) < f(2x) when x ^ 1. 



Solution: (1) Since 1 + 2 X + a ■ 4 X > 0, a > -[(j) x + (|f]. Since {\) x ,{\) x are decreasing 

'I)* + (|) x ] reaches the maximum value — (| + \) = — | 



functions on the interval (— oo, l],then — [(t) :i: + (|) x ] reaches the maximum value — (z + §) = ~~ 



at x = 1, thus a > — §. 



(2) Use the inequality z±kt£ < J <£+b?+£ to obtain (l + 2 !B + a-4 a! ) 2 < 3(l + 4 x + a 2 - 16 x ) < ; 
3(1 + 4* + a- 16*) =► W+"-"** > ( 1 + 2a + - 4a ) 2 > thatis /(2a;) > 2/(x). 

3.18 * If a, b, c> 0, show 2(*±* - Vab) < 3(s±kt£ _ *f^ . 

Proof: 2(^-7^6) < 3(^±|±^ - \/abc) <* a + b- 2^6 < a + b + c-3\/abc <& c + 2^6 > 
'iy/abc- We on ly nee< l to show the last inequality, c + 2\fab = c + \fab~ + \fab~ > 
3y c ■ Vab ■ \J~ab = 3\fabc- 
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r,X + 3 



3.19 -^ Given the function f{%) — 4*+$ , (1) find the maximum value of fix), (2) show 
/(a) < 6 2 — Ab + y for any real numbers a, 6 . 

Solution: (1) f(x) = f^ = ^r < ^J=T = i73 = ^> thus f( x )max = y/2. 

(2) Since /(a) < ^2 and 6 2 - Ab + ^ = (6 - 2) 2 + § > § > ^2, we have /(a) < 6 2 - 46 + § 
for any real numbers a, 6 . 

3.20 * Show 2(>/n + 1 -l)<l + -^ + -^ + ... + -^< 2^n for any n G TV. 

Proof: ^ = i ^> 7 ^^T = 2(VfcTI-^). Let m = l + ^ + ^ + --' + ^, 

then m > 2(\/2 - 1 + y/S - y/2 H h >/n+l - y/n) = 2(y/n + l - 1) , 

and m < 2(1-0 + v^- l + y/Z-y/2-\ h y/n - y/n^l) = 2y/n. 

Hence, 2{y/n + T -l)<l + ^ + ^ + --- + ^< 2^ 

3.21 * Given a 2 + b 2 + c 2 = 1 , show -§ < ab + 6c + ca < 1 . 

Proof: a 2 + 6 2 > 2a6, 6 2 + c 2 > 26c, c 2 + a 2 > 2ca , add them up to obtain ab + 6c + ca < 
< a 2 + 6 2 + c 2 = 1. Since (a + 6 + c) 2 >0, a 2 + 6 2 + c 2 + 2(a6 + 6c + ca) > 0, then 
ab + 6c + ca > — l(a 2 + 6 2 + c 2 ) = — |, thus — \ < ab + bc + ca < 1. 

3.22 ** Given a, 6, c> 0, show ^ + ^ + ^ > §. 

Proof -h + 5+ + -£- = ^^ + 4^ + ^^ -3 = (a + 6 + c)(4r + r^ + ^)-3 = 



M( a + 6) + (6 + c) + (c + a)](^ + ^ + £) - 3 > \ • 3^(a + 6)(6 + c)(c + a) • 



q 3/_L_ J_ _J Q _ 9 _ o _ 3 

° a/ a+6 ' 6+c ' c+a ° — 2 ° ~~ 2 



3.23 Solve the inequality \/2x + 5 > x + 1. 

Solution: To make the square root valid, we need 2x + 5>04^x>— |. When x + 1 < 0, i.e. 
x < —1, we have y/2x + 5 > > x + 1, thus the original inequality has the solution — | < x < — 1. 
When x > — 1 , the original inequality has the solution — 1 < x < 2 . The union of these two solution 
sets provides the solution of the original inequality: {x| — ^ < x < 2}. 

3.24 * Solve the inequality x log - x > ^# (a > 0, a ^ 1). 

Solution: When a > 1 , take the log with base a on both sides to obtain 
(log a x) 2 > | log a x - 2 => 2(log a x) 2 - 9 log a x + 4 > => (2 log a x - 1) (log a x - 4) > 

=^> log a x < \ or log a x>4^>0<x< y/a or x > a 4 . When < a < 1, 

(log a x) 2 < |log a x - 2 => (21og a x - l)(log a x - 4) < => \ < log a x < 4 => a 4 < 

x < y^ • 
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3.25 ** Given a > 0,b > 0,c> 0,a + b + c = 1, show (1 + -)(1 + ±)(1 + -) > 64. 



Proof: Since a, b, c> 0, a + b + c = 1, then 1 + ± = 1 + ^ = 2 + ^ > 2 + ^ > 
> 2\ 2 • 2 ^ = 4\/^^- Similarly we can obtain 1 + 1 > 4,. /v^ 1 _|_ I > 4. / V5> . Multiply these 



three inequalities to obtain (1 + I)(l + I)(l + ±) > 4a/ ^ . 4a/^ • 4\/^ = 61 • 



3.26 * Show ± + ^ + ^ + • • • + ^ > 1 forn G Af,n > 2. 



Proof: \ + ^1 + ^ + 



1 >. n 



n^ n* n* n 



1_ _| 1 1 . . . J L — rH-n(re-l) _ -1 



3.27 * Given x > 0, y > 0,show \{x + yf + |(x + y) > x^/y + y^ . 

Proof: |(x + yf + J(x + y) = \{x +jj)[(x + y^ + \] = \{x + y)[(x + \) + (y + i)] > 

yxy [(x + 1) + (y + 1)] > yxy[2^±x + 2^±y] = ^xy{^ + ^y) =x^/y + y^/x. 



3.28*Show|<^<3. 



3^-X+l 



Proof: Let J/ = 1^+i+i ' th en yar + y£ + y - a; 2 + x - 1 = <4> (y - l)a; 2 + (y + l)x + y - 1 
= 0. Consider the discriminant A = (y+l) 2 -4(y-l) 2 = -3y 2 + 10y-3 > => 3y 2 -10y+3 
< =► (3y-l)(y-3) < =► | < y < 3. 
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3.29 ^ a, 6, x, y are positive numbers and satisfy a + & = 10, ^ + - = 1, and x + y has the 
minimum value 18, find the values of a, b . 

Solution: The conditions imply that x + y = (f + ^)(x + y) = a + b+f + ^f = 10 + f + *f > 
10 + 2 A /^ • ^ = 10 + 2 Vo6 . Since x + y has the minimum value 18, then 10 + 2^/ab = 18 => 

y x y 

^fab = 4 => a6 = 16. Solve 

a + 6 = 10 
a& = 16 
to obtain a = 2, 6 = 8 or a = 8, b = 2. 

3.30 ^r If x, y > , find the maximum value of ~^/ x = Ty~ • 

Solution: f(x, y) = ^ x+y , / (x, y) = ^ = 1 + -^- < 1 + 2^ = 2 ? thus /(x, y) < \/2, 
which means the maximum value of ^/x~Ty ls V 2 . 

3.31 ** Given x > 0, show x + ± + ^r > §. 

Solution:Let /(a;) = x + ±(z > 0),then:c + ± > 2.Let2 < a < (3 .then /(a) - /(/5) = (a + J) 
_ (^ _|_ I) = ( a _ m _|_ (I _ I) = ("-/?)("/?-!) < q, that is, /(#) is an increasing function on 

[2,+oo).Hence,/(ir + !)>/(2) = §. 

3.32 j{ Real numbers a, 6, c satisfy a + b + c = 0, abc = 2 , show that at least one of a, &, c is not 
less than 2. 

Proof: Obviously at least one of a,b,c is positive. Without loss of generality, let a > 0, then 
b + c = —a, 6c = 2/ a , that is, 6, c are the two roots of the quadratic equation x 2 + ax + ~ = 0. 
Consider the discriminant A>0^>a 2 -->0=>a 3 >8^>a>2. 



3.33 ^ |x 2 — 4 1 < 1 holds whenever \x — 2| < a holds, find the range of the positive number a . 

Solution: Let A = {x : \x - 2| < a, a > 0}, 5 = {x : \x 2 - 4| < 1}, 

then A = {x:2-a<x < 2 + a, a > 0}, £ = {x: ->/5 < x < -\/3, v^ < x < ^5} • 

Since ACB,we have 

2 -a > -V5 
2 + a < -VS 
or 

2-a > V3 

2 + a < Vb 
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a < 2 + V5 
a < -2-VS 
or 

a < 2-^3 
a < Vh-2 
which implies < a < y 5 — 2 since a > . 

3.34 Solve the inequality \J x 1 — 3x + 2 > x — 3 . 

Solution: The inequality is equivalent to 

x-3 < 

x 2 -3x + 2 > 
or 

x-3 > 

x 2 - 3x + 2 > - 3) 2 

x < 3 
x < 1 or x > 2 
or 

x > 3 
x > 7/3 
^>x<lor2<x<3orx>3. 

3.35** Given \a\ < 1, \b\ < 1, \c\ < l,show(l) |1 - abc\ > \ab - c\ ;(2) a + b + c< abc + 2. 

Proof: (1) The given conditions imply 1 — a 2 b 2 > 0, 1 — c 2 > 0. Multiply them together to obtain 

1 + a 2 b 2 c 2 > a 2 b 2 + c 2 => 1 - 2abc + a 2 b 2 c 2 > a 2 b 2 - 2abc + c 2 => (1 - abc) 2 > 
(ab — c) 2 => |1 — abc\ > \ab — c\- 

(2) (a- 1)(6- 1) > => a + b < ab + 1 (i). (a6 - l)(c - 1) > ^ a6 + c < a6c + 1 (ii). 
(i)+(ii)=> a + 6 + c < abc + 2. 
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3.36 The smaller root of the quadratic equation x 2 — 5x log 8 k + 6 log 8 k = is in the interval (1,2). 
Find the range of the parameter k. 

Solution: The parabola opens upward, and the smaller root is within (1,2), then 



log 8 k > 1/2 or log 8 k < 1/3 
2/3 < log 8 k < 1 



/(I) > o 
/(2) < 

> 2/3 < log 8 k < 1 ^4< k <8. 



3.37 it The inequality ax 2 + bx + c > has the solution set {x|a < x < /3} where < a < {3 . 
Find the solution set of the inequality ex 2 + bx + a < . 



a + /3 = — 6/a > 
Solution: The given condition implies that J a R — c / a > and let the quadratic equation 

a < 



ex 2 + for + a = has two roots £i, x 2 . Then Xi + £2 






:7J i- T 2 = 7 = ^ = ^'^.0<a</3^^<^,in addition c < 0, then ex 2 + bx + a < has 



c a/3 a: (3 ' 

the solution set {x\x < ± or x > ±}. 
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3.38 if Real numbers a, 6, x, y satisfy a 2 + b 2 = 1, x 2 + y 2 = 1, show |ax + 6y| < 1 . 

Proof 1: (|a| - |x|) 2 > => a 2 + x 2 > 2 1 ax | . Similarly we have b 2 + y 2 > 2\by\ . 
Therefore, a 2 + b 2 + x 2 + y 2 > 2{\ax\ + \by\) . Since a 2 + 6 2 = 1, x 2 + y 2 = 1, 
then 2 > 2(|ax| + |6y|) > 2|ax + 6y| , thus \ax + by\ < 1. 

Proof 2: Since a 2 + 6 2 = 1, x 2 + y 2 = 1, let a = sin 9,b = cos 0, x = sin (p,y = cos 9? , then 

ax + by = sin sin 9? + cos cos 9? = cos(# — (p) . Thus |ax + by\ = | cos(# — (f)\ < 1 . 

3.39 lAr If a, 6, c are distinct positive numbers, show - + 5 + - > ^ + ^75^ + y^ . 

-p r-. 1 I 1 I 1 / 1 I 1 I 1 \ bc+ca+ab—{a^/bc+b^ca+cVab) 2(bc+ca+ab) — 2{a^/bc+by/ca+cVab) 

FrOOt 1: a + fc + c VT^ + T^ + T^J — abi ~~ 2aTc ~~ 

(Vab-Vbc) 2 + (Vbc-^/cd) 2 + (^/cd-Vab) 2 q 

abc 

Proof 2- ± + ± + ±>4- + 4- + -±-^ bc+ca+ab > aVbc+b^+cV^ be + CCL + ab > 

ww * a b c ^/bc V ca vab abc abc 

ay/bc + byfca + cy/ab <=> 2(bc + ca + ab) > 2(ay/bc + b^fca + cy/ab) <£=> (y/ab — y/bc) 2 + 
(y/bc - ^/ca) 2 + {^/cd - y/ab) 2 > which is obviously valid. 

Proof 3: Since a, 6, c are distinct positive numbers, then ( Vab - Vbc) 2 > 0, ( y/bc - yjcd) 2 > 0, 
(^fca — y/ab) 2 > 0. Add them up to obtain 2(ab + bc+ca) — 2 (ay/bc +by^ca + cy/ab) > ^> 
ab + bc + ca > ay/Vc + by/m + cy/~ab ^^ + i + ^ > ^fc + ^ + ^. 

3.40 if Real numbers x, y, z satisfy the inequalities |x| > \y + z\ : \y\ > \z + x|, \z\ > \x + y\ . 
Show x + y + z = 0. 

Proof: If one of x, y, z is zero, without loss of generality, assume x = 0, then \y + z\ = 0, thus 
y + z = 0, which implies x + y + z = 0. If x, y, z are all nonzero, then there are four possibilities: 

1) If x, y, z are all positive, then y + z<x,z + x<y,x + y<z, impossible. 

2) If x, y, z have two positive one negative, without loss of generality, assume 

x > 0, y > 0, z < 0. |y + z| < x ^> — x < y + z < x ^> x + y + z > 0. On the other 
hand |x + y| < \z\ =^> x + y < — z =^> x + y + 2 < 0. As a conclusion, x + y + 2 = 0. 

3) If x, y, z have one positive two negative, without loss of generality, assume 

x > 0, y < 0, z < 0- |y + z| < x ^ y + z > -x ^ x + y + z > 0. On the other 
hand, |x + y| < \z\ =^> x + y < — z =^> x + y + z < 0. As a conclusion, x + y + z = 0. 

4) If x, y , z are all negative, then x <y + z < -x, y<z + x<-y,z<x + y<-z, 
then x + y + z<2(x + y + z), thus x + y + z>0,a contradiction to the assumed 
negativity condition. 
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3.41 if If x > y > 0, show \/ x 2 — y 2 + ^2xy — y 2 > x . 

Proofl:x > y > =^> xy > y 2 , 2xy — y 2 > y 2 ^ x 2 — y 2 > x 2 — 2xy + y 2 = (x — y) 2 =^> 
yjx 2 - y 2 > x - y> and ^2xy - y 2 > y > thus ^ x 2 - y 2 + ^2xy - y 2 > x-y + y = x. 

Proof2: x>y>0^y> —y ^ x + y > x — y ^ x 2 — y 2 > (x — y) 2 =^> \J x 2 — y 2 > x — y 
(i). 2xy > 2y 2 => 2xy - y 2 > y 2 => ^2xy - y 2 > y (ii). 
(i)+(ii)^> \/x 2 — y 2 + \J2xy — y 2 > x . 

Proof 3: yj ' x 2 — y 2 + \/2xy — y 2 > x <=> x 2 — y 2 + 2^/(x 2 — y 2 )(2xy — y 2 ) + 2xy — y 2 > x 2 <0 
\J {x 2 — y 2 )(2xy — y 2 ) > y 2 — xy- The left hand side is greater than zero, while he right hand side 

y 2 — xy = y(y — x) < 0, thus ^{x 2 — y 2 ){2xy — y 2 ) > y 2 — xy always holds. 

3.42 * Given x > 0, y > 0, \ + J = 1, s how x + y>12. 



Proof: Since x > 0, y > 0, we have ~ + ~ > 2w - • - — -t=. Since - + - — 1, we have ^/xy — , 
which is equivalent to yjxy > 6. x + y > 2-yJxy > 12. 

3.43 if a,b,c are real numbers and a + b + c = 1 , show a 2 + b 2 + c 2 > |. 

Proof 1: a + 6 + c=l^c=l - a - 6 , then a 2 +b 2 +c 2 -\ = a 2 +b 2 + (l-a-b) 2 -\ = 



a 2 +b 2 + l+a 2 +b 2 -2a-2b+2ab-l = 2{a 2 +b 2 +ab-a-b+\) = 2[a 2 + (b-l)a+( b -^f 

6-1 
12 



;^i)2 +6 2_ 6+ i ] = 2[( a+ ^)2 + i3^] > o. 



Proof 2: a + 6 + c=l=>(a + 6 + c) 2 = l=>a 2 + 6 2 + c 2 = l- 2(a6 + be + ca) (i). 
a 2 + 6 2 > 2a&, 6 2 + c 2 > 26c, c 2 + a 2 > 2ca , add them up to obtain 2(a 2 + b 2 + c 2 ) > 
> 2(a6 + 6c + ca)(ii). 
(i)+(ii)=^ 3(a 2 + b 2 + c 2 ) > 1 => a 2 + 6 2 + c 2 > §. 

3.44 ilr The function /(x) is defined on [0,1], and /(0) = /(l) . For any distinct Xi, x 2 G [0, 1], 
we have |/(x 2 ) -/(zi)| < \x 2 ~ %i\ .Show |/(x 2 ) -/(zi)| < |. 

Proof: Let < Xi < x 2 < 1 . We consider two cases: 

1) If x 2 - x 1 < i, then |/(x 2 ) - /(^i)| < |#2 — #i| < §• 

2) If x 2 - x x > i then from /(0) = /(l) we obtain |/(x 2 ) - /(xi)| = |/(x 2 ) - /(l) + 
/(0) - /(Xi)| < |/(x 2 ) - /(1)| + |/(0) - f(x 1 )\. Hence, (1 - x 2 ) + (x x - 0) = 

1 - (x 2 - Xi) < \. 
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3.45 ilr The equation |x| = ax + 1 has one negative root but no positive root, find the range of the 
parameter a . 

Solution 1: Let x be the negative root of the equation \x\ = ax + l,then — x = ax + 1 =>* x = ^-j- < 0, 

thus a + 1 > . Equivalently, when a > — 1 , the equation has a negative root. 

Suppose the equation has a positive root x, then x = ax + l=^x = j^ > 0, thus a < 1 . 

As a conclusion, the condition that the equation has one negative root but no positive root is equivalent 
to a > — 1 holds but a < 1 fails, that is, a > 1 . 

Solution 2: Another approach is to plot the functions y — \x\ and y = ax + 1 on the Cartesian plane. 
This will directly give us the same conclusion. 

3.46 Solve the inequality 3x2 ~ 2 % 23 > 2. 

Solution: ^ 2 ~ 2 % 2S > 2 <£» g2 ~ 2 y > *» (^3)(x-3) > °- ^^ Equality is equivalent to 

(x + 3)(x + l)(x — 3)(x — 5) > whose solution set is (— oo, —3) U (— 1, 3) U (5, +oc). 

3.47 ^ Consider the inequality x + 2 > ra(x 2 — 1) , (1) if the inequality holds for any real number 
x , find the range of ra ; (2) if for any ra G [—2,2] the inequality holds, find the range of x . 

Solution: (1) x + 2 > ra(x 2 - 1) «=> ra(x 2 - 1) - (x + 2) < <^> rax 2 -x-ra-2<0. This 

I 777/ ^ I 771/ <C 

inequalityholds for any real number x , then; , ^x^<^>s,o^ . 

47 7 [ A = 1 + 4ra(ra + 2) < \ 4ra 2 + 8ra + 1 < 

f 772 < 

~\-l-£ <m<-l + f «-l-f <m<-l + f. 

(2) For any ra G [—2, 2] the inequality holds. Let f(m) = (x 2 — l)ra — (x + 2) which is a linear 
function of ra, and /(ra) < should hold for any ra G [—2,2], equivalently we should have 
-2(x 2 - 1) - (x + 2) < J 2x 2 + x > J x > or x < -| 

2(x 2 - 1) - (x + 2) < ^ i 2x 2 - x - 4 < ^ 1 ±^# < x < ±±# ^ 



< x < i±^5 or ±=^§ < x < -i. 

3.48 ^ x,y,z are positive numbers, and xyz[x + y + z) = 1. Find the minimum value of 

(x + y)(x + z). 

Solution: The given conditions imply that (x + y)(x + z) = yz + x(x + y + z) > 
2^/yz • x(x + y + z) = 2. When x = ^2 — 1, y = z = 1, the equal sign is reached in the above 
inequality, thus the minimum value of (x + y)(x + z) is 2. 
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3.49 -kit Real numbers a, 6, c satisfy a 2 + b 2 + c 2 = 1 . Show that one of \a — b\ , |6 — c| , |c — a\ 
is not greater than ^-. 

Proof: Without loss of generality, we assume a < b < c, and let m be the minimum one of 

\a — 6|, |6 — c|, \c— a\ . Then 6 — a > m,c — b > m,c — a = (c — b) + (b — a) > 2m . On one 
hand, ( a - bf + (b - cf + (c - a) 2 = 2(a 2 + b 2 + c 2 ) - 2(a6 + 6c + ca) = 3(a 2 + b 2 + c 2 ) - 
( a + 5 + c )2 < 3,Ontheotherhand, (a - 6) 2 + (b - c) 2 + (c - a) 2 > m 2 + m 2 + (2m) 2 = 6m 2 
(a - 6) 2 + (b - c) 2 + (c - a) 2 > m 2 + m 2 + (2m) 2 = 6m 2 . Hence, 6m 2 < 3 => m < ^. 

3.50 * Let a, /3 be real numbers, show log 2 (2 a + 2 P ) > 2±± + £±±. 



,^+/3 + 2 



Proof: To show log 2 (2 a + 2^) > ^±i + £±1, we only need to show 2 a + 2^ > 2^^, we only need 
to show 2 2a + 2 a+/3+1 + 2 2/? > 2 a+ ^+ 2 , we only need to show 2^- 2 + 2" 1 + 2^- 2 > 1, we 

only need to show 2 a ~@ + 2 + -^^ > 4, we only need to show (2^~~ s=f) > which is 

obviously valid. 
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3.51 ** Given the function f(x) = ax 2 - c that satisfies -4 < /(l) < -1,-1 < /(2) < 5. 
Find the range of /(3) . 

Solution: From f(x) = ax 2 — c,weknow/(l) = a — c, /(2) = 4a — c, thus a = |[/(2) — /(l)], 
c = |[/(2) - 4/(1)]. Then /(3) = 9a - c = 3[/(2) - /(l)] - |[/(2) - 4/(1)] = |/(2) - 
- |/(1). Hence, | x (-1) + (-§) x (-1) < /(3) < | x 5 + (-§) x (-4) , that is, -1 < /(3) ; 
< 20. 

3.52 ir Given real numbers a>0,6>0,c>0 and a + b + c= 1 , show \ + \ + \ > 9 . 
Proof 1: The conditions together with Cauchys Inequality imply 9±kt£ > ^J abc =4> 3 i— > — |— = 3. 



abc — a+b+c 



1,1,1 



Apply Cauchys Inequality again to obtain a + b + c > 3/1 , 1 . 1 _ 1 >Q^IiiiI>q. 

3 — Y a b c ^/afc — abc — 

Proof 2: 1_i_1_i_1_Q_ frc+ac+afr _ Q — ( a + b + c ) {bc+ac+ab)-9abc _ a 2 c+a 2 fr+fr 2 c+afr 2 +ac 2 +frc 2 - 6abc 

abc _ abc abc abc 

a(fr-c) 2 +fr(c-a) 2 +c(a-fr) 2 ^ q 
a6c — 



2 ' 



3.53 ** Let a > 0, 6 > and a + b = 1, show (a + ±) 2 + (6 + ±) 2 > 

Proof 1: 1 = a + b > 2Va6 => Vab <|^a6<l^^>4. 

And ( Q +i) 2 +( 6 +i) 2 > r a +i+ b +i i2 = i/-, , 1 , in 2 _ in , M2 > 25, 

2 — L 2 J 4V 1 ^ a ^ 6V 1 — 4V 1 ^ ab> — 4 

thus(a + i) 2 + (6+|) 2 >f. 

Proof 2: Let a = sin 2 a, b = cos 2 a , then 

(a+^) 2 + (6+l) 2 = (sin 2 a + csc 2 a) 2 + (cos 2 a + sec 2 a) 2 > \ (sin 2 a + esc 2 a + cos 2 a + 
sec 2 «) 2 = !(l + ^ + ^) 2 = |(l + i^^) 2 = £(l + sfe) |(l + 4csc 2 2a) 2 > 
|(l + 4) 2 = f • 



3.54 ^ Let a, 6, c, rf, m, n be positive real numbers, P = \fab + \/cd, Q = y/ma + nc\ /^ + ^. 
Compare P and Q . 



Solution: P 2 = ab + cd + 2V^bcd, Q 2 = (ma + nc)(± + ^) = ab + cd + ^ + ^ . Since 



nbc + mad > 2 /n6c . mad = zJabcd , then P 2 < Q 2 . Because P, Q are positive, we have P < Q . 

m n — y m n v ^ ? -v r -v 

3.55 ** Show the inequality (a + 6) 8 < 128(a 8 + b 8 ) . 

Proof: (a - b) 2 > => a 2 + b 2 > 2ab. Similarly we have a 4 + b 4 > 2a 2 b 2 , a 8 + b 8 > 2a 4 b 4 . Add 
a 2 + b 2 , a 4 + fe 4 , a 8 + 6 8 to the above three inequalities respectively to obtain 2 (a 2 + b 2 ) > (a + b) 2 , 
2(a 4 + b 4 ) > (a 2 + b 2 ) 2 , 2(a 8 + b 8 ) > (a 4 + 6 4 ) 2 . The last inequality leads to 128(a 8 + b 8 ) > 64(a 4 
+ 6 4 ) 2 = 16[2(a 4 + 6 4 )] 2 > 16[(a 2 + 6 2 ) 2 ] 2 = {[2(a 2 + 6 2 )] 2 } 2 > {[(a + 6) 2 ] 2 } 2 = (a + 6) 8 
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3.56 ** Given the function f(x 2 - 3) = log a -^ (a > 0, a ^ 1 ) that satisfies fix) > log a 2x . 
Find the domain of the function f(x) . 

Solution: Let x 2 - 3 = t , then x 2 = 3 + t . Substitute it into the function: /(£) = log a |^|, thus 
/(x) = log a |^|. Then the inequality /(x) > log a 2x is equivalent to log a |^ > log a 2x . 

K >0 
Ifa>l,then<[ |±| > 2x => x e (0, 1) U [-§, 3). 

x > 

K <0 
If0<a< l,then { |±| < 2x =*xe[l,§). 

x > 

3.57 ^^ Given a < — 1, and x satisfies x 2 + ax < —x , and x 2 + ax has the minimum value 

— g , find the value of a . 

Solution: a < -1, x 2 + ax < -x ^> x[x + (a + 1)] < ^> < x < -(a + 1) . Let /(x) = 
x 2 + ax = (x + f ) 2 - 2p 

If —(a + 1) < — | <£=> — 2 < a < — 1, then f{x) reaches its minimum value f(—a — 1) = a + 1 
at x = — (a + 1), thus a + l = — |^>a = 

If — (a + 1) > — | <^4> a < — 2, then f(x) reaches it minimum value — ^- at x = — |, thus 

— g t = ~\ = * a = ±V2 both of which violate a < -2. 

As a conclusion, a = — ^ . 

3.58 ^^ tti, ^2, • • • , a n are positive numbers and satisfy a\a 2 • • • a n = 1, show 

(2 + a 1 )(2 + a 2 )---(2 + a n ) > 3 n . 

Proof: Use an arithmetic mean-geometric mean inequality a + b + c > 3yabc (a, 6, c are positive 
numbers) to obtain 2 + a^ = l + l + a^> 3^a~ (i = 1, 2, • • • , n). Then (2 + ai)(2 + a 2 ) • • • 
(2 + a n ) > 3" • ^a x a 2 ---a n = 3 n . 

3.59 ^^^ If a, 6, c are side lengths of a triangle, show a 2 b(a — b) + 6 2 c(6 — c) + c 2 a(c — a) > 
and determine when the equal sign is reached. 
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Proof: Let a = y + z,b = z + x,c = x + y where x,y,z are positive numbers. Substitute them into 

the inequality: (y + z) 2 (x + z){y — x) + (z + x) 2 (x + y)(z — y) + (x + ?/) 2 (?/ + z)( x — z) 
> <^> x 3 z + y 3 x + z 3 ?/ — xyzfo + y + z) >0- Divide both sides by xyz to obtain 

2 2 2 2 2 2 

17 + J F + t" >^ + y + z which can be proven by the inequalities y + 2/ > 2x, ^ + z > 2y, ^ 

+ x>2z. 



These inequalities have the equal sign if and only if x = y = z , that is, the original inequality has the 
equal sign if and only if a = 6 = c . 

3.60 *-* a, o are real numbers, show i+| a +&| — T+H "•" I+j&[ • 



Proof: Since la + 61 < \a\ + |6| , we have , l , a . + tL 

1 i — i i ii l+|a+fe| 



l+|a+6|-l 
l+|o+6| 



1 - 



l+|o+6| 



< 1 - 



l+|o|+|6| 



|a| + |6| |a| , |6| < | a | [W 

l+|o|+|6| l+|o| + |6| ~r l+|o|+|6| - ITR + l+|6f- 



3.61 ** Given < a < 1, x 2 + y = 0, show log a (a x + a y ) < log a 2 + \. 



Proof: a x + a y > 2\/a i a^ = 2a V. Since < a < 1, we have log^a* + a y ) < log a (2a £ ?) = 



log a 2 + ^ = log a 2 + ^- 



log a 2 + ±z(l -x)< log a |(^p) 2 = log a 2 + | 
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3.62 ^^^ The system of inequalities 

Vx 2 - 2x - 8 < 8 - x 
x 2 + ax + b < 
has the solution 4 < x < 5 , find the conditions a and b should satisfy. 

( x 2 - 2x - 8 > ( x < -2 or x > 4 

Solution: ^2 - 2x - 8 <8-x^8-x>0 =^< x < 8 => x < ~ 2 

{ x 2 - 2x - 8 < (8 - xf { x <f 
or 4 < x < f . 

The solution of the inequality x 2 + ax + 6 < should have the form a < x < /3 . Since the solution 
ofthe inequality system is 4 < x < 5, then /3 = 5, — 2 < a < 4. Since f3 = 5, then 25 + 5a + b = 
Since a + /3 = — a , then 3 < — a < 9, that is, —9 < a < —3. As a conclusion, a, 6 should satisfy 

f -9 < a < -3 

\ 5a + 6 + 25 = 0. 

3.63 *** If x, y, z > 1, show (x 2 - 2x + 2)(?/ 2 - 2y + 2){z 2 -2z + 2)< {xyzf - 2xyz - 

+ 2. 

Proof: Since x > l,y > 1, we have (x 2 -2x + 2)(y 2 -2y + 2) - [(xy) 2 -2xy + 2] = (-2y + 2)x 2 + 
{ Q y _2y 2 -A)x + {2y 2 - 4y + 2) = -2(y- l)x 2 -2(y- l)(y-2) + 2(y- l) 2 = -2(y- 1) 
[ x 2 + (?/ _ 2 ^ + 1 _ ?/] = - 2 (y - l)(x - l)(x + y - 1) < ,then(x 2 - 2x + 2)(y 2 - 2y + 2) 

< (xy) 2 — 2xy + 2(i). Similarly, since xy > 1, z > 1 , we have [(xy) 2 — 2xy + 2](z 2 — 2z + 2) < 

< {xyzf - 2xyz + 2 (ii). From (i) and (ii), we can obtain (x 2 - 2x + 2) (y 2 -2y + 2) (z 2 -2z + 2) 

< (xyz) 2 — 2xyz + 2. 

3.64 ^^ Given natural numbers a < b < c , m is an integer, and ^ + \ + - = m , find a,b,c . 

Solution: Since a, 6, c are natural numbers and a < b < c , we have a > l,6>2,c>3, 0<m< 
Y + | + | = l|. Since m is an integer, we have m = 1 and a^ 1. If a > 3, then 

- a + \ + \<\ + \ + \ = fo< 1-Hence, J + ± + J ^ m = 1. Therefore, a = 2. Then | + \ = 
1 - I = I if b > 4, then r + 1 <i + 4 = |r<i thus 6 = 3. Then i=l-±-i=± thus 

22 — oc — 45 2U2 c 2oo 

c = 6. 

3.65 *** Given 1 < a < 2, x > 1, and /(x) = a *+f x , 5 ( x ) = 2 "+ 2 "" . (1) Compare /(x) and 
<?(x). (2) Let n G iV,n > 1, show /(l) + /(2) + • • • + /(2n) < 4" - ^. 

Solution: (l)/(x)- 5 (x) = ^^fl-^fl = I(^±l_^±i) = 2^+y-ff.--.- = (^g--D , 
Since 1 < a < 2, x > 1, then 2 x a x >l,a x <2 X , thus (^-^)(2y-i) Q 
that is, /(x) — g(x) < 0. Hence, /(x) < g(x). 
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(2) Since f(x) < g(x), then /(l) + /(2) + • • - + /(2n) < $(1) + #(2) + • • - + 5 (2n) = |(2 + 2 2 



1 L_ — An L_ 

- 1 - 2 2n 2 2n ' 



+ osr) = (1 + 2 + 2 2 + • • • + 2 2 "" 1 ) + |(1 



2^) < 4" - 1 + 



3.66 ^^ a, &, c are real numbers, and a + b + c < 0, show 



a 


b 


c 


6 


c 


a 


c 


a 


b 



>0. 



Proof: a 2 + b 2 > 2ab, b 2 + c 2 > 26c, c 2 + a 2 > 2ca , and add them up to obtain 
2(a 2 + b 2 + c 2 ) > 2(a6 + be + ca), thus (a6 + be + ca) - (a 2 + b 2 + c 2 ) < 0. 



a 


b 


c 




6 


c 


a 


= 


c 


a 


b 





a + 6 + c b c 
a + b + c c a 
a + 6 + c a b 



(a+b+c) 



1 b c 
lea 
lab 



(a+b+c) 



1 b c 

c — b a — c 
a — b b — c 



(a + b + c)[-(b - cf - (a - b)( a -c)] = (a + b + c)[(ab + bc + ca) - (a 2 + b 2 + c 2 )] > 0. 



x 



x-2 > 



3.67 ^^^ If the system of inequalities 1 2x 2 + (5 + 2fc)x + 5fc < has only one integer solution 
—2, find the range of fc . 



Solution: The solution of x 2 



x 



2>0isx<— lorx>2. The second inequality is equivalent to 



(2x + 5)(x + k) < 0. When — k < — |, i.e. fc > §, the second inequality has the solution 
-k < x < — |, in which —2 is not included. When —k > — |, i.e. fc < |, the second inequality has 



the solution —^<x<—k, then the solution of the inequality system is < 



x < -1 



< x < —A; 



or 



x > 2 
.5 <- x <- _^ . To have only one integer solution —2, we should have — k < 3 and — fc > — 2, 



that is, -3 < fc < 2. When -fc 
conclusion, fc G [—3,2). 



j, i.e. 



fc = |, the second inequality has no solution. As a 



3.68 ^^ Let a, 6, c are positive numbers, show a a b b c c > (abc) 



a-\-b-\-c 
3 



a-\-b-\-c 



Proof: Without loss of generality, let a > b > c > 0. To show a a b b c c > (abc) 3 , we only need to 



a — b iJy — a „c — a 



b b 



show a 3a b 3b c 3c > (abc) a+b+c , we only need to show f^^^ > 1, we only need to show 

a a- b bb - c c g- c 
ha — b ^b — c qCl — c 

last inequality holds. 



aa b bb c ca ~ c > 1. Since a - b > 0, b - c > 0, a - c > 0, we have § > 1, * > 1, f > 1, thus the 



3.69 *** If a, 6, c, x, y, z are all real numbers, and a 2 + b 2 + c 2 = 25, x 2 + ?/ 2 + z 2 = 36, 

ax + by + cz = 30 , find the value of x+y+z • 
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Solution: Cauchy's Inequality implies 25 X 36 = (a 2 + b 2 + c 2 )(x 2 + y 2 + z 2 ) > (ax + by + cz) 2 
- 30 2 . The equal sign is obtained since 25 X 36 = 30 2 . Thus there exist A, fi (not both zero) such that 
Xa = fix, Xb = fiy, Xc = jiz . Therefore A 2 (a 2 + b 2 + c 2 ) = fi 2 (x 2 + y 2 + z 2 ) =^> 25A 2 = 36/x 2 
=^> 5 A = ±6/i . However, ax + % + cz = 30, thus 5 A = 6/i 



M 5 

A — 6 



a+fr+c /i 5 

x+y+z A 6* 



3.70 *** Let r, s, t satisfy l<r<s<£< 4, find the minimum value of (r - l) 2 + (f - l) 2 + 

(f-i) 2 + (f-i) 2 . 

Solution: ( r _l)2 + (£_l)2 + (i_i)2 + (i_ 1 )2 > [ (r-i)+(f-i)+(*-i)-K*-i) ]2 ^ 4[(r-l) 2 + (f- 
l) 2 + (|-l) 2 + (f-l) 2 ]>[(r-l) + (f-l) + ( f-l) + (f -l)] 2 ^[(r+f + f + f)-4] 2 . 
Cauchy's Inequality implies that r + f + i + 1 > 4{/r • f • i • - = 4\/4, 



thus 4[(r - l) 2 + (f - l) 2 + (f - l) 2 + (I - l) 2 ] > [4^4 - 4] 2 =* (r - l) 2 + (f - l) 2 + 

(f - l) 2 + (1 - l)^ > 4 :(V2 - l) 2 . 

The equal sign is obtained if and only if r = y 2, 5 = 2, £ = 2 y 2. 

Hence, the minimum value of (r - l) 2 + (f - l) 2 + {- - l) 2 + (- - l) 2 is 4(^2 - l) 2 . 
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3.71 ^k^k^k Real numbers a\,a 2 satisfy a\ + a 2 < 1, show that for any real numbers 61,62. 
(ai&i + a 2 b 2 - l) 2 > (a 2 + a 2 , - l)(bj + b\ - 1) always holds. 

Proof: If 6? + fr 2 . - 1 > 0, since a\ + a 2 . < 1, we have (a? + a 2 . - \){b\ + 6| — 1) < 0, then 
obviously {a x bi + a 2 b 2 - l) 2 > (a 2 + a| - l)(b\ + b 2 2 - 1) . If b\ + b\ - 1 < 0, Mean Inequality 
implies that ai&i < 2i±£ a 2 b 2 < ^±M. Thus ai&i + a 2 6 2 < |(a 2 + a\ + b\ + b\) < 1 =► 1 - 

ffli6i _ ^ > (l-a ? -al)+(l- &? -6l) ^ (1 _ ^^ _ ^^^ > [ ( l- a? - a l)+(l-6 ? -^) ]2 > i [(1 _ 

a 2 - a 2 ) 2 + (1 - 6 2 - 6 2 ) 2 ] > (a 2 + a 2 - 1)(6 2 + b\ - 1) . 

3.72 *** Let A = {x\l + ^ - ^ < 0}; B = {x\(l) al °^ 2 < {\)< x ~ a+l \ae 11} .find 
the range of a such that iCB. 

Solution: 1 + ^ - ^ < => 1 + log x 3 - 21og x 5 < => log x | < log x x" 1 . Thus x > 1, 
then± > ^thenl < x < f .Hence,^ = {x|l < x < f } .(|) alog 3 2 < (±)^- a+1 ) => 3 log 3 2_a 
< 2~ x ^ x ~ aJrl) => 2~ a < 2~ x ^ x ~ aJrl) => -a < -x(x - a + 1) => (x - a)(x + 1) < (^). 

When a = — 1 , ( ^ ) has no solution. 

When a > — 1 , ( ^ ) has the solution — 1 < x < a . 

When a < — 1, (^) has the solution a < x < — 1. 

Hence, B = < {x| — 1 < x < a} (a > — 1) from which we know that when a>y,ACB. 
{x\a < x < -1} (a < -1) 



3.73 k^^k^k^k x,y,z are positive numbers, show — ~ \~ 



y z x — 4 



(* + l) 3 _l (y+1) 3 _l (^ + 1) 3 > 81 

Proof: Since x,y,z> 0,Mean Inequality implies that ^^- + fy + f > ^xT^j^ ' f 2/ ' f 



O+l) 3 , 27 7/ | 27 > o 3/ Qe+I) 3 27„. 27 
2, " h 2y _h 4-^Y J, ' T^ * 4 

f ( x + 1) =► ^±^ > f (x - y) + f . Similarly, we can obtain k±il! > ^( y _ z ) + ^ (£d±) 
> 27(2 — x) + — • Add them up to obtain the aimed inequality. 



3.74 ^^^^ m, n are positive numbers, show \fm + 1 > yfn holds if and only if for any x > 1, 

mx + t^y > y^ . 

Proof: m, n > 0, x - 1 > 0, then mx+^j = mx-m+m+ x j^± l = [m(x-l) + ^j]+m+l > 
2y/m+m+l = (Vm+1) 2 . If and only if m(x - 1) = ^, i.e. ^ = 1 + ^, mx + -^ has the 
minimum value (^/m + l) 2 . Hence, mx + ^ > V^ for any x > 1 if and only if (y/m + l) 2 > n , 
i.e. y^ + 1 > V^- 
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3.75 *•* Given f(x) = ax 2 + bx, and 1 < /(-l) < 3, 2 < /(l) < 4, find the range of /(-3). 

Solution: /(-l) = a - 6, /(l) = a + 6, /(-3) = 9a - 36 . Let /(-3) = mf(-l) + n/(l) 
where ra, n are parameters ready to be determined. 9a — 36 = m(a — 6) + n(a + 6) = (m + n)i 
a — (m — n)b . Comparing the coefficients to obtain < _ _ Q =^m = 6,n = 3. Thus 

I 777- 77 — O 

/(-3) = 6/(-l) + 3/(1). Since 1 < /(-l) < 3, 2 < /(l) < 4,wehave 12 < 6/(-l) + 3/(1) 

< 30, then 12 < /(-3) < 30. Therefore the range of /(-3) is [12, 30]. 

3.76 *** Given 0<6<l,0<a<f, and x = (sina) log ^ sina , y = (cosa) logbCOSa , z = 
(sin a) logb cos a , determine the order of x, y, z . 

Solution: < b < l,thus f(x) = log 6 x is a decreasing function. < a < |,thus0 < sin a < cos a 

< 1 . Therefore, log 6 sin a > log 6 cosa > 0,then (sina) logbSina < (sina) logbCOSa ,i.e. x < z.And 
(sin a) logb cosa < (cos a) logb cosa , i.e. z < y . Hence, we obtain the order x < z < y. 

3.77 jtjtjt Consider a triangle with side lengths a,b,c , and its area is 1/4, the radius of its circum- 
circle is 1 . If s = yja + Vb + -y/c, £ = ^ + | + \ . Compare 5 and t . 

Solution: Let C be the angle whose opposite side length is c , and the radius of circumcircle R — 1 , 
then c = 2i? sin C = 2 sin (7 . In addition, \ab sin C — \. Therefore abc = 1 . Then£ = ~ + i + - = 

i/i , i\ i i/i . n i 1(1 _l 1^ > /X_l /T_l /T y^+y^+v^ A/a + Vb + y/c = 5. 

2Va" r 6^" r 2V6" r c^" r 2V c " r av' — \J ab ^~ \J be ^~ \J ca ^hc~ 

The equal sign can only be obtained ifa — b — c — R— 1, which is impossible. Hence, s < t . 

3.78 j{j{j{ ft, 6, c are positive numbers and a + b + c < 3, show ^ < ^r[ + &+i + ^+j < 3. 
Proof: Since a,b,c> 0, we have ^ < 1, ^r[ < 1, ^ < 1 , then ^ + &+j + 3+1 < 3. Mean 



Inequality implies ^t + ^t+^t > 3{/ (q+1)( ^ 1)(c+1) , (a+l)+(6+l)+(c+l) > 3</(a +!)(&+ l)(c+ 1) 



Therefore, (^+^)[(a+l)+(W)+(^ > 3^ (a+1)( ^ 1)(<H _ ir 3{/(a + 1)(6 + l)(c+ 1) 
9 . Since 0<a + 6 + c<3, then ^r + &+i + ^ > ( a +i)+(6+i)+(c+i) - 3+3 



3 
2- 



3.79 *** Given a, 6, c, m, n, p > 0, and a + m = b + n = c + p = R, show an + bp + cm 
<R\ 
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Proof: Construct an equilateral triangle ABC with side length R . Choose points D, E, F on sides 
AB, BC, CA respectively such that AD = a,DB = m, BE = c, EC = p,CF = 6, FA = n . 
In this way, three side lengths are a + m, c + p, 6 + n , and a + m = c + p = b + n = R. Connect 
Z} with i? , connect E with F , and connect F with D .Let S^adf — S± : S^bde — $2 5 S^cef — 

S3, S AABC = S . Then 5i + £ 2 + £3 = |ansin60° + ±crasin60° + ±6psin60° = ^(an + 
cm + bp). S = \R 2 sin 60° = ^R 2 . S = S ± + S 2 + S 3 + Sad^f > Si + S 2 + S 3 , thus 

^(an + cm + 6p) < ^i? 2 , that is, an + bp + cm < R 2 . 



3.80 **** Let xi,x 2 ,- 



, x n are positive numbers, show ^r + d: + ' ' ' + 



+ % > * + 



Proof 1: Since £1, x 2 , • • • , x n > 0, we can do the following: (#1 — #2) ^ 

x 2 x 2 

-± + x 2 >2xi. Similarly, we can obtain -± + £3 > 2x 2 , • • 



x 



1 1 X2 — 2xix 2 



4-i , ^ ^ o^ ^ 2 



T . \ %n :_ ^X n _ 1, -+- Xi ^ ^^ri 



Add them up to obtain {% + g + • • • + ^ + |f ) + (xi + x 2 + • • • + x„) > 2(x x + x 2 + 



x n ) > 2(xi + x 2 



+ x n ) 



X l I X 2 I 
X 2 X 3 ' 



+ 



+ ^7 > xi + x 2 H Vx n . 



Proof 2: Mean Inequality implies that ^ + x 2 > 2\ — • x 2 = 2xi- Similarly, we have 



^ +x 3 > 2x 2 , 



r 2 



2:2 



a?2 



— + x n > 2x n _i, — + Xi > 2x n . Add them up to obtain the result. 

n Xl 
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„Z rf.£ rf^ rf^ 



PrOOf 3* Xfl I Xl I 3?1 I X<2 I ' ■ ' I Xn ~ 1 _L ElL = ^n+^l _|_ X l+ X 2 I ... I X n-1+ X n ^ Q ^l^n _|_ ^1^2 
' XI ^ X-^ X2 X2 X n X n X\ X2 X n — V Xl X2 

X n—l Xn N 

Xn 



+ 1_~ X n-ix n ^ = 2(x\+x 2 + - - + x n ) which implies the result. 



Proof 4: x\ x\ _ _ _ ^n-i i «i _ [x 2 -(x 2 -a;i)] 2 , [x 3 -(x3-x 2 )] 2 i ... i K-Qn-a^-i)] 2 _|_ . 

X2 %3 Xn X\ X2 X3 ' ' X n 

^■ Xl ~^~ Xn ^ = (x 2 + x 3 -\ h x n + xi) - 2(x 2 - xi + x 3 - x 2 H h x n - x n _i + xi - 

Proof 5: Since x 1: x 2 , • • • , x n > 0, let a x = 0^, a 2 = yfxi, • • • , a n _i = y/x^, a n = ^x7, 6 a 
= -^^2 = ~^,h = ^? ' " j^n-i = ~^^n = ^. Cauchy Inequality implies that 

(a? + a 2 + • • • + a 2 n ){b\ + b\ + • • • + b 2 n ) > (ai&i + a 2 6 2 + • • • + a n 6 n ) 2 , then [(^) 2 + (yxJ) 2 

+ x 2 H h x n _i + x n ) 2 • Divide both sides by x 1 + x 2 -\ \- x n _i + x n > to obtain 

S + ! + ••• + % i + |>x 1 +x 2 + --- + x n _ 1 + x n . 

3.81 ^^^^ If #, y are real numbers, and y > 0, y(y + 1) < (x + l) 2 , show y(y — 1) < x 2 . 

Proof: If < y < 1, obviously y(y - 1) < < x 2 . If y > 1, then y(y + 1) < (x + l) 2 => y 2 + 

The 



?/+l<(x + l) 2 + |^( ? / + |) 2 <(x + l) 2 + ^l< 2/< V /(x + l) 2 + |-|- 
inequality to prove y(y - 1) < a? <* y> - y + \ < x 2 + \ & (y - ±) 2 < x 2 + \ & y ^ Jx 2 + \ 



\<* J{x + l) 2 + \-\<Jx 2 + \ + \^J{x + l) 2 + \<Jx 2 + \ + l^{x + l) 2 



+ \< x 2 + \ + 2^/x 2 + | + 1 ^ x 2 + 2x + 1± < x 2 + 2yjx 2 + \ + l\^x< yjx 2 + \ 
which is obviously valid. 

3.82 ^k^k^kk: If real numbers x,y,z satisfy x 2 + y 2 + z 2 = 2, show x + y + z < xyz + 2. 

Proof: If one (or more) of x, y, z is not positive, without loss of generality let z < 0. Since 

x + y < y/2(x 2 + y 2 ) < y/2(x 2 + y 2 + z 2 ) = 2,xy < \{x 2 + y 2 ) < \{x 2 + y 2 + z 2 ) = 1, then 
2 + xyz — (x + y + z) = [2 — (x + y) — z(xy — 1)] > 0, that is, x + y + z < xyz + 2. 

If x, y , 2 are all positive, let < x < y < z . 

When z < 1 , 2 + xyz — (x + y + z) = 1 — x — y + xy + 1 — xy — z + xyz = (1 — x) — y 
(1 - x) + (1 - xy) - z(l - xy) = (1 - x)(l - y) + (1 - xy)(l - z) > 0, that is,x + y + z 
< xyz + 2. 
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When z > 1, x + y + z < y/2[z 2 + (x + y) 2 ] = ^2(2 + 2xy) = 2 VI + ^ < 2 + xy < 2 + 
xyz. 

As a conclusion, x + y + z < xyz + 2 holds. 

3.83 it it it it Given the function f(x) = ax 2 + 6x + c (a > 0), and the two roots of the equation 
f(x) — x = satisfy < X\ < x 2 < ~. (1) When x G (0, Xi), show x < /(x) < X\\ (2) Assume 
the curve of the function f(x) is symmetric about the straight line x = Xq, show Xq < y- 

Proof: (1) Let G(x) = /(x) — x . Since Xi, x 2 are the two roots of the equation f(x) — x = 0, then 
G(x) = a(x — Xi)(x — x 2 ). When x G (0, Xi), since X\ < x 2 , a > 0, then G(x) = a(x — x\) 
(x — x 2 ) > ^> f(x) — x > ^> /(x) > x . xi — /(x) = xi — [x + G(x)] = x\ — x — a(x — 
Xi)(x — x 2 ) = (xi — x)[l + a(x — x 2 )]. Since < X\ < x 2 < ~, we have Xi — x > 0, 1 + 
a(x — x 2 ) = 1 + ax — ax 2 > 1 — ax 2 > 0, thus X\ > f(x) . 

(2) x = — t^. Since Xi, x 2 are the roots of the equation f(x) — x = 0, that is, Xi, x 2 are the roots 
of the equation ax 2 + (b — l)x + c = 0. Vietas formula implies X\ + x 2 = — ^, thus 
6=1- a(xi + x 2 ) , then x = -£ = <^±^ = 0*1+^2-1 . Since aX2 < 1? that is? 
ax 2 - 1< 0, then x = ^+^-1 < f^ = f . 

3.84 ***** Let a, 6, c are positive numbers, show a + b + c < a + b + ^y^- + 



2c ' 2a ' 26 
< Q 3 I 6 3 I c 3 
— be ca ab' 

Proof: Without loss of generality, assume a > b > c > 0, then a 2 > b 2 > c 2 , i > \ > ~, then 

a 2 • i + 6 2 • i + c 2 • i < a 2 • i + 6 2 • ± + c 2 • i, a 2 • ± + 6 2 • i + c 2 • i < a 2 • ± + 6 2 • ± + c 2 • ± Add 

a c — c a' a b c — c a b 

these two inequalities up to obtain a+b+c< ^±— + ^f- + ^±^. a 3 > b 3 > c 3 , ^ > ^ > ^, 
then a 3 -^ + fe 3 -^ + c 3 - \ > a 3 - J r + fe 3 - f + c 3 ^, a 3 - t L + 6 3 - ^ + c 3 - i > a 3 - ^ + fe 3 - ^ + c 3 ^. 

oc ca ao — ab be ca 1 be ca ab — ca ab be 

Add these two inequalities up to obtain f^ + ^ + ^ > g -^- + ^f~ + ^f~- Hence > 

— 2c 2a 26 — be ca ab 



3.85 ***** Solve the inequality log 2 (x 12 + 3x 10 + 5x 8 + 3x 6 + 1) > 1 + log 2 (x 4 + 1) . 

Solution: The inequality is equivalent to log 2 (x 12 + 3x 10 + 5x 8 + 3x 6 + 1) > log 2 (2x 4 + 2) <^> 
x 12 + 3x 10 + 5x 8 + 3x 6 + 1 > 2x 4 + 2 & 2x 4 + 1 < x 12 + 3x 10 + 5x 8 + 3x 6 . Obviously 
x = 1 does not satisfy the inequality, thus we can divide both sides by x 6 to obtain \ + \ < x 6 + 3x 4 + 

5x 2 + 3 = x 6 + 3x 4 + 3x 2 + l + 2x 2 + 2=(x 2 + l) 3 + 2(x 2 + l)^ (^)~ 3 + 2(^) < (x 2 + l) 3 
+ 2(x 2 + 1). Let g(t) = t 3 + 2t , then the inequality becomes g(±>) < g(x 2 + 1). Since g(t) = 
t 3 + 2t is an increasing function, then the inequality is equivalent to — < x 2 + 1 <^> (x 2 ) 2 + 
x 2 — 1 > whose solution is x 2 > ^-|=^ (the other part x 2 < — ^7^ is deleted). Hence, the original 
inequality has the solution set (— oc, —y^f^) U (a/ ^^, +00). 
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3.86 ^^^^^ Let a, 6, c are integers and at least one of them is nonzero, and their absolute values 
are not greater than 10 6 , show \a + b\[2 + cy/3\ > 10~ 21 . 



Proof: When b = 0, c = 0, the conclusion is obviously valid. When one of 6, c is nonzero, we consider 
the following four numbers: t\ = a + by/2 + ca/3, £2 = a + ^a/2 — ca/3, £3 = a — fey^ + 
c-s/3, t 4 = a - 6a/2 - ca/3. They are all irrational numbers, and t = tit 2 t 3 t 4 = [(a + b\[2) 2 — 3c 2 ] 
[(a - by/2) 2 - 3c 2 ] = (a 2 + 2y/2ab + 26 2 - 3c 2 ) (a 2 - 2^2ab + 26 2 - 3c 2 ) = [(a 2 + 2b 2 - 
3c 2 ) + 2V2a6][(a 2 + 26 2 - 3c 2 ) - 2y/2ab] = [(a 2 + 2b 2 - 3c 2 ) 2 - 8a 2 6 2 ] e Z- ^us \t\ > 1, 
which implies that Ki| > |t 2 |-|*3|-|t4| • ^ n addition, since 1 + y/2 + a/3 < 10 and |a|, |fc|, |c| < 10 6 , 
we have \U\ < (1 + y/2 + VS) • 10 6 < 10 7 , thus |ti| > in7 ^ 7l n 7 = 10" 21 



10 7 -10 7 -10 7 



80 1 

3.87 ***** For keN, show 16 < J^ -^ < 17. 



fc=i 



Vfc 



Proof: From s/fc - 1 < Vk < y/k + 1, we have s/fc + V^ - 1 < 2a//c < a/FTT + Vk . k e J\f , 



then 



/k+l+y/k 



< 



2yfk 



< 



Vk+Vk=l 



2(v / fcTT - Vk) < \ < 2(y/k - y/k^l 



Vk 



2(v^TT- y/m) < j^ 4= < 2 (V^- V^^T)' where 1 < ™ < ™> and m,n E A/\ Choose 



V^ 



fc=m g0 80 ^ 

n = 80, m = 1, then ig < V — • Choose n = 80, m = 2, then 1 + V" — - < 2(^80 - 1) + 



k=l 



Vk 



1 < 2^81 - 1 = 17. Hence, 16 < ^ -= < 17. 



fc=2 



Vk 



k= 




encsson. 
com 
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3.88 ***** For re G TV, re > 1, show re! < (^) n . 

Proof 1: (applying mean inequality) 

re! = 1 • 2 fc (re - 1) • re (i), 

n \ = n . (n - 1) (re - fc + 1) 2-1 (ii). 

(i)x (ii): (re!) 2 = (l-re)[2(re-l)] [k(n - k + 1)] [(re-l)2](re- 1). Since 1 • n < 

(±±^) 2 , 2(re - 1) < (^i) 2 = (±±^) 2 , • • • , k(n - k + 1) < ( fc+ra ~ fc+1 ) 2 = (±±^) 2 , 

(re - 1)2 < (^i 2 -) 2 = (^) 2 ,re • 1 < (^) 2 . There are re terms. Thus (re!) 2 < [(^) 2 ] n ^ 

(re!) 2 < (^±±) 2n ^re! < (^±±) n . Since re > 1, then re! < (^±±) n . 

Proof 2: (applying mathematical induction) 

When re = 2, LHS= 2! = 2, RHS= (^-) 2 = |. The inequality holds. 

Assume the inequality holds for re = k , that is, k\ < {^-) k . Then k\(k + 1) < (^r i ) fc (fc + 1) 



«► (fc + 1)! < (^) k (k + 1) . (^) k (k+l) < [I*±li±i]*+i =► 2 (^) fc (^) < [i*±i>±l]*+i => 
2(*±l)*+i < [MMf+i =► 2< [^±i] fc+1 (4i) fc+1 . Binomial theorem implies that 
(1 + m) k+1 = 1 + (k + 1)^t + • • • > 2. Thus (^) fc (£; + 1) < [Mil±i]fc+i holds . Hence) 
the original inequality n\ < (^— ) n holds according to mathematical induction above. 

3.89 ^k^k^k^kk: Let ai, &2, • • • , a n be a permutation of 1, 2, • • • , n , show 5 + 3 + ' ' ' + ^V" 



< ai + 02 _| 1_ 



Gn-l 



a2 03 a^ 



Proof: Since ai, a2, • • • , a n is a permutation of 1, 2, • • • , n , we have 

(ai + l)(a 2 + 1) (a n _i + 1)> (1 + 1)(2 + 1) (n - 1 + 1) = aia 2 • • • a n . Thus 

ai I ffl2 I | # I Qn-l I 1 I 1 I # I Qn-1 I 1 I 1 I # 1 1_ . . 1 I Ol + l I Q2 + 1 I , I Qn — 1+1 \ 

«2 03 a n 1 2 a n 01 02 a n ai 02 a3 a n — 



n ,/ (°i+i)(°2+i) (an-i+i) > n . in addition, re - (± + § + • • • + ±) + (± + § + • • • + ^). 

y (2l<22'"Q'n 

Hence, | + | + "-- + I ^ 1 <^ + ^ + --- + i + i . 

' Z O 71 — CL2 Q-3 Q-n 

3.90 ***** If real numbers a, 6, c satisfy a + b + c = 3, show 

i _i_ i _i_ i < I 

5a 2 -4a+ll ~ 56 2 -46+ll ~ 5c 2 -4c+ll — 4- 

Proof: If a,b,c are all less than |, then we can show 5a 2_ 4a+11 < 24 (3 — a) (>Ji). Actually 
(*)^(3-a)(5a 2 -4a + ll) > 24 o 5a 3 - 19a 2 + 23a-9 < O (a- l) 2 (5a-9) < 0^ 
a < |. Similarly, we can obtain 5b 2_ 4b+11 < 24 (3 — b), 5c2 _ 4c+11 < 24(3 — 0). Add these three 
inequalities up to obtain 5a 2_l a+u + bb 2_\ b+ n + 5^-lc+n ^ M 3 ~ a ) + M 3 ~ b ) + M 3 ~ c ) = 
i[9-(a+6+c)] = i[9-3] = i. 
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If at least one of a, 6, c is not less than |, without loss of generality, assume a > |, then 
5a 2 -4a + ll = 5a(a-f) + ll>5-|-(|-|) + ll = 20. Thus 5a ._L +11 < j,. Since 
56 2 - 46+ 11 > 5 • (|) 2 — 4 • (f ) + 11 = 11 — | > 10, then 5fc 2_l &+11 < 4 Similarly, we have 

1 ^ J_ XT 1 I 1 I 1 /J_lJ__l_J__l 

5c 2 -4c+ll ^ 10- nence > 5a 2 -4o+ll " r 56 2 -46+ll " r 5c 2 -4c+ll ^ 20 " r 10 " r 10 4- 

3.91 ***** Given a natural number n > 1 , show C* + C 2 + C 3 -\ h Q > n x 2 V. 

Proof: According to Binomial theorem, we have 2 n = (l + l) n = l + C^ + C 2 H h Q, thus 

C* + C 2 + C^ H h C" = 2 n - 1 . On the other hand, the geometric series with first term 1 and 

common ratio 2 is S n = ^^Ep = 2 n - 1 , i.e. 2 n - 1 = 1 + 2 + 2 2 + 2 3 + • • • + 2 n ~\ Therefore, 

2 _n-l = l +2+2 2 +2 3 + ... +2 n-l ■ - ■ ^^ = ^ 2l+2+3+ ... +(n _ 1) = 

^& = 2^, that is, 2™ - 1 > n x 2^. Hence, C £ + C £ + C£ + • • • + C£ > n x 2 V 

3.92 ^^^^^ Positive numbers x, y, 2 satisfy x 2 + y 2 + z 2 = 1, find the minimum value of 

x I y I z 
1-x 2 "+" 1-y 2 "+" 1-z 2 ' 

Solution: (applying mean inequality) 



x " + in x2 = x5 + A* 2 + iM x2 > 3 V x5 • iM x2 • A* 2 = * 3 - 

Similarly, we can obtain y b + i^gy 2 > y 3 , z 5 + ^z 2 > z 3 . 

Add these three inequalities up to obtain x 5 + y 5 + z 5 + 775 1^ 2 + y 2 + z 2 ) > x 3 + y 3 + z 3 

Since x 2 + y 2 + z 2 = 1, then x 5 + y 5 + z 5 + ^ > x 3 + y 3 + z 3 , 
then x 3 (l - x 2 ) + y 3 (l - y 2 ) + z 3 (l - z 2 ) < ^ (i). 



[x 3 (l-x 2 ) + y 3 (l - y 2 ) + ^(l-^ )]( I j^ + ^ + ^) > (^ 3 (l-^)y^r + 

x 3( 1 _ a .2) + j / 3( 1 _j / 2 )+; ,3( 1 _ ; ,2) (ii). From (i) and (ii), we obtain jzgs + jz^ + 1^2 > — . 
When x = y = z = -7= y j^z + j— j + j—^; reaches the minimum value -^-. 

3.93 ^^^^^ Positive numbers ai, a2, • • • , a n and 61, 62, • * • , 6 n 

satisfy a x + a 2 H h a n < 1, 61 + 6 2 H h K < n , 

show(^ + i)(i + ^)---(i + ^)>(n + ir. 
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Proof: The given conditions together with Mean Inequality result in a\a 2 • • • a n < ( 



Q1+Q2H \-CLn \U <^ J_ 



(i), and b t b 2 ■■■b n < ( fcl+fc2 +-+ 6 " ) = 1 (ii). In addition, i + I = J_ + ... + ^ + _> 

a,- 6,- na,' 



^flj &i 



(n + 1) 



n+.l 



na 7 - 



6,. 



(i = l,2,...,n)(iii). 



From (i),(ii),(iii), we can obtain 



a\ bij \a 2 b 2 



a n b n J v 7 y (n n ) n \aia 2 ---a n J hb 2 ---b n 



> (n + l) n "+ A 7 
= (n + l) n . 



(n n ) r 



(n n ) n ■ 1 



AtttiS 1 * 1 '- 



p*v.c*^.^ -i*\/»*\_ 



/W«*/.«- \) SGrChO 



UJ /* 






4 A/ft 



^?>fHe 
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